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Additive Number Theory for all Quadratic 
Functions. 
By L. E. Dickson. 





1. Introduction. We consider only those quadratic functions q(z) 
which take integral values = 0 for every integer x20. The general such 
q(x) is found in § 2. 

One statement of our problem is to find the maximum error committed 
in affirming that every positive integer p is a sum of s such values of q(z). 
Or, if m(p) denotes the minimum of the differences between p and all such 
sums, what is the maximum of m(p) for all p? The answer is evidently 
4g or 4(g —1), according as g is even or odd, where g is the maximum gap 
in a table of all sums by s of values of g(x) for integers = 0. 

Write es—=g—1. Then every p is r plus a sum of s values of 
q(x), where r is chosen from 0, 1, -:-, es. For example, let g(x) be 
4(n — 2) (2? — 2x) +2; then es, = n—4, as frst proved by Cauchy. In 
words, every p is a sum of n polygonal numbers of n sides, all but four of 
which are chosen from 0 or 1. The case n = 4 states that every p is a sum 
of four squares. However perfected, the method of Cauchy is usually applic- 
able only when s = 4. 

For the case s => 5 there is developed here a new method of remarkable 
power and simplicity, which leads readily to the determination of e; for all 
q(x). The two effective methods for s = 4 (§§ 9, 10, and 21) are not only 
more laborious, but unfortunately require direct verification for very numer- 
ous initial values of p (unlike the method for s > 4). While this would 
seem to require a table for each g(x), the theory has been so developed that 
a few such tables suffice. 

For each q(x) we find the minimum L of s + e, for all s=5; this sum 
is the total number of summands sufficient for every p. We readily detect the 
cases in which 4-++e,= JZ. It is only in the remaining cases that we discuss 
the difficult problem * to find e,. Whenever 4 + e, is less than Z it is exactly 
[I—1. By examining also the cases s = 2 and s = 3, we find that the mini- 
mum of all s+e, is either Z or L—1, except (§11) when q(r) = 





* To be treated in Chicago theses. 
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4m(z?— 2) + tz, where m and ¢ are positive integers such that m Si, 
Then e, = ¢—1 for alls = 3. 

An interesting case is that in which both 0 and 1 are values of q(z). 
Then every p is a sum of values of q(x). For this case the present problem 
was solved completely in the Bulletin of the American Mathematical Society, 
November-December, 1927; January-February, 1928; March-April, 1928. 
These are cited here as Bulletin, I, II, III. 

Aid was provided by the Carnegie Institution for constructing tables and 
using them to verify the theorems for the cases below the limits obtained in 
the proofs. 


2. THrorEM 1. The following and no further quadratic functions q(2) 
have integral values = 0 for every* integer x=0: First, 


(1) f(x) —4m(2?—2) + te +e, 


where m, t, c are integers andm >0,t>0,c=Z0. Second, f(x—k), where 
k is an integer = 1, and m= t. 

Since y= q(x) is a parabola whose vertex is its lowest point, there + 
is either a single minimum q(/) of q(0), ¢g(1),° - -, or just two equal minima 
q(k—1) =q(k). Hence there is a unique integer k = 0 such that q(x)> 
q(k) for every integer x = 0 distinct from k and k —1; while g(k —1)=2 
q(k) if k=1. 

Write f(z) for g(a-+%). Then f(x) is an integer = 0 for every integer 
z=—k. Also, f(x) >f(0) for every integer ¢ = —k distinct from 0 and 
—1; while f(—1) =f(0) ifk 21. It will be useful that c —0 gives the 
minimum of f(z) for all integers x = — k. 

Write f(z) =ua?+vr-+c¢. Take r=—0, 1, 2. Thus c, utv—t, 
and 4u -+ 2v are integers, and u>0,c=20. Hence 2u is a positive integer 
m. Thus f(x) is of the form (1). Since f(1) —=t+c>/(0)=c,t>0. 
Conversely, this f(z) is evidently an integer = 0 for every integer x20. 

In case k = 1, f(—1) = m—t+c=f(0) —c implies m = t, and con- 





*It is only an apparent generalization to employ a function g(#) which is an 
integer > 0 for every integer «> r, since q(v) =g(#+~71) is then an integer >0 
for every integer a> 0. = = 

t Arithmetically, if q’(£)—=0, then k =0 if §< 0, k= if € is a positive integer, 
while if & lies between p— 1 and p, where p is an ‘integer >1,k=p if q(p—1) and 
q(p) are equal, but, if they are distinct, k = p—1 or p according as q(p—l1) or 
a(p) is the lesser. 
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versely. Then f(—p) >f(0) for every p>1. This is evident geometric- 
ally, and follows also from 


(2) f(e+1)=f() +me+t, f(—p)=f(—pt+1) + mp—t. 


3. Symbols E,, es; Reduction to c—=0. The least value of g(x) = 
f(c—k) for integers = 0 was seen to be f(0) =c. Hence the least sum 
of s values of g(x) is sc. Let N be any integer =sc. From N we subtract 
the maximum sum = N of s values of g(x) for integers x= 0 and denote 
the difference by H,(N). In case #,(N) has a finite maximum for all 
integers NV = sc, we shall denote that maximum by e,. In other words, every 
integer NV = sc is then a sum of e,; numbers 0 or 1 and s values of q(x) for 
integersx=0. For example, since every integer => 0 is a sum of four squares, 
é,=0 for g(x) = 2? + 7%. 

Write h(x) for g(x) —c, and employ summations over s integers = 0. 
If VN =r -+ q(x), where VN = sc, 0S res, then A—=N—se—r+3h(z), 
A= 0, and conversely. Hence q(x) and h(x) have the same e,. Without 
loss of generality, we shall therefore take c 0 henceforth. Then 


(3) q(«) = f(a@—k) = yma? + 3nz + C, 
(4) n= 2t—m(1+ 2k), C=4m(k? +k) —tk. 

The case s > 4 will be seen to depend on facts required in the harder 
case s = 4, 

4. Formulas for the Case s = 4. 


We investigate the existence of integers e,, a, B, y, 8, all=0, such that 


(5) A=4q(%) +4(8) +4(y) +908) +7 OSrSe, 
for every integer A=0. Write 

(6) a= Sa*, b— Sa. 

Then (5) is equivalent to 

(7) D=j4ma+4nd+r, D=A—4. 


We shall use two lemmas * due to Cauchy. 
Lemma 1. If a and b are positive odd integers such that b? < 4a and 
(8) b? + 2b +4 > 38a, 


then equations (6) have solutions a, B, y, 8 in integers = 0. 








* Cf. Legendre, Théorie des nombres, ed. 3, vol. II, Nos. 624-30. 
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Lemma 2. If a and b=—2B are positive even integers such that (8) 
holds and a — B? is a sum of three squares, then equations (6) have solutions 
a, B, y, 8 in integers = 0. 


In particular, let a==2 (mod 4) and b? < 4a. Then a— B? is positive 
and is =1 or 2(mod 4), whence it is a sum of three squares. Hence 
Lemma 1 holds also when a and 6 are positive even integers such that a= 2 
(mod 4). 

By (7), (8) is equivalent to 


mb? + 2mb + 4m > 6D — 3nb — 6r, 


which follows from the inequality obtained by suppressing 6r. Multiplication 
by 4m yields 
(9) (2mb+7)?>U, U=7r’?+4m(6D— 4m), 


where r= 2m-+ 3n. This inequality holds if 
(10) b> (U%—r)/(2m), VZ0. 
In m?(b? — 4a) < 0, replace ma by its value from (7). This inequality 
follows from that with r replaced by e, and hence from 
(11) (mb + 2n)? << 4V, V=n? + 2mD— 2me,. 
This inequality holds if 
(12) b< (2V%—2n)/m, VEO, 


and if mb + 2n 20. . When n = 0, the latter holds if b > 0. Whenn <0, 
it holds by (10) if 

(13) 4n + U%—7r=0, 

and hence if 

(14) 3D = 2m — 2n — n?/m (ifn< 0). 


Finally, b >0 if U42r. If n <0, this follows from (13). But, if 
n = 0, whence r > 0, it holds if and only if VU 27+? and hence by (9) if 


(15) D=%m (if n=O). 


There will be at least d positive integers between the limits (10) and (12) 
for b if 
(16) 4V2—U%*%>P, P=2md—2m-+n. 


The left member is = 0 if 
(17) 16V =U. 
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Then (16) holds automatically if P < 0, and always if its square holds and 
hence if 
(18) F=(2V+W)*?—UV>0, 8W=U—P*. 

By the minor conditions we shall mean U = 0, (17) and either (14) or 
(15). We have 


19 16V —U = 8mD — 32me, + ¢, 
£38) h = 12m? — 12mn + Vn? = 4n? + 3(2m —n)?*. 


By (9) and (19), VU =0 and (17) holds if 
(20) D= gm, DZ 4e,. 


The reduced minor conditions are (20) if n= 0, but (14) and (20) ifn <0. 


Part I. THe Cast k =0, §§ 5-12. 


We investigate sums of s values of f(z). The case s=5 is treated in 
§§ 5-7, the case s = 4 in §$§ 8-10, the case s=3 in § 11, and the case s=2 
in § 12. 

5. TurorremM 2. If k=0, m2Z(s—2)t, sZbd, then e= 
m—(s—3)t—1. 


No smaller value of e, will serve. For, if B= 2m + 4¢—1, the maxi- 


mum sum = B of s values 
(21) 0, t m+2t, 3m+3t, 6m+4t, 10m+5t, --- 


of f(x) is M—=m-+(s+1)t. In fact, no summand exceeds m-+ 2¢. If 
one summand is m -+ 2t, the others are 0 or ¢, and the largest such sum is 
m+ 2¢+ (s—1)t—WM. The largest sum of s values 0 and ¢ is st < M. 
Hence £,(B) = B—M has the value stated for eg. 

We are to prove that every integer V = 0 is a sum of s values of f(z) 
and es numbers 0 or 1. Write V = A-+ R, where 


(22) A=2Zf(2), Bane Bie) SrS6. 


We can find a value = 2m —1 of FR which is congruent to any assigned 
integer modulo m. We add 0,1,---,#— 1 eg to each of 0, t,---, (s—4)t. 
But we add 0, 1, ---, es to m+ 2¢-+ (s—5)t. We obtain m integers R 
which are congruent modulo m to the consecutive integers 0, -*:, m—1. 
The largest such R is 2m —1. 
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We shall treat the first equation. (22) by the method * of § 4 with e, = 0, 
By (4) with k=0, n= 2t—m, C=0. Then D=A and (7%) becomes 


(23) A=4m(a—bd) + 2b. 


Let the difference between the limits (10) and (12) on 6 exceed d—2. 
Then there is an odd value of 6 between these limits. We proved that we can 
choose k = 2m—1 so that A — N—R is congruent modulo m to any as- 
signed integer. As the latter we take tb. Then (23) determines an integer 
4(a@—b) and hence an odd integer a, which is positive since 4a > b?. By 
(9)-(18). 
P=2%m+n, W=38mD— 2m + mn- n’, 
(24) F = m?(D — 2m — 5n — 4e,)? — 6m (n + €4) (2m + n)?, 
(if d= 2). 


Since m = 3t, n is negative. Hence F >0 for every D—A. Here 
(14) becomes 3A = 3m—4t#?/m. This and (20) hold if A =m. 

Hence if N= 2m—1-+™, N is a sum of e, numbers 0 or 1 and s 
values of f(z). We next verify this also when N < 3m—1. We employ the 
sums by s of 0 and ¢; m-+ 2¢ plus their sums by s—1; and 2(m- 2t) 
plus their sums by s—2. Hence sums by s of values of f(x) include. 


0,¢,° °°, st; m+2t,--:-,m+(s+1)é; 
2m + 4t,° > +, 2%m+ (s+ 2)é. 


To the last number in each of these three sets we add 0, 1, ---, és; to all 
others we add only 0,1,---,¢—1. We obtain the consecutive integers from 
0 to 8m + 5¢—1. 


6. THeorEM 3. If k=0, m< (s—2)t,s=5, then es =t—1. 


No smaller e, will serve since 0 is the only value <¢# of f(z). To 
0, t,-++, (s—4)t, m+ 2¢ + (s—5)t, we add 0, 1,---, ¢—1 and obtain 
(s—2)t > m integers R which are congruent modulo m to the consecutive 
integers from 0 to (s——2)#—1. The largest such FR is p= m--(s—2)t—1. 


First, let m= 2¢ Then n=0. As in § 5, every integer N2=p+m, 
is a sum of ¢—1 numbers 0 or 1 and s values of f(x), and the same is true 


ifN<p+m. 





* After the paper was in type, I found that it is better to take as e, the maximum 
R, add R at the end of (23), and choose R so that th-+R=A (mod m). A like 
remark applies to all theorems with s>4 (§§6, 13, 14, 29, 30, 33, 34). 


























Dickson: Additive Number Theory for all Quadratic Functions. 4 





Second, let ¢= m < 2¢. Values of # include 0, 1, ---, ¢—1 and the 
sum of ¢ and 0, 1, -::, m—tSt—1. These m+1 values =m. of R 
include a complete set of residues modulo m. We replace n by its value 
2¢— m in (24) and note that D—A. We get 


F=m’w — 48mt? — 24m? + 12m*t + 6m*, w= A+ 8m — 108. 


Let A=%m+10t. Then w= 10m, m?w? > 96m* = 96mi?, 
' F = 24mt?(2t— m) > 0. 


Hence every integer VN = 8m -+ 10¢ is a sum of es numbers 0 or 1 and s 
values of f(z). To verify this also for N= 9m- 11t, note that the sums 
by four of the values (21) of f(z) include 


0, t, 2t, 3t, 4; m+ 3t, 4t, 5t; 2m + 4t, dt, 6; 
(25)  3m-+ Bt, 6t, 7t; 4m-+ 6t, Yt, 8t; 5m-+ Vt, 8t; 6m-+ Vt, 8t, 9; 
Ym + 8t, 9t; 8m-+ 8t, 9t,10t; 9m+-9#, 108, 


whose successive gaps are t or m—it < t. 

Finally, it remains only to prove the following theorem: If m < t, every 
integer N= 0 is a sum of five values of f(x) and t—1 numbers 0 or 1. 
We seek five integers s = 0 such that 


N=A+R, A=Df(z), R=f(e) +r, 0SrSt—1. 


To the value 0 of f(x) we add all values of r. To the value ¢ of f(z) 
we add only the values 0, 1, -:-, 2m—t—1<t¢—1 of r. We obtain the 
consecutive integral values 0, 1, ---, 2m—1 of R. Hence we can choose 
R < 2m so that A is congruent modulo 2m to any assigned integer. 

If b is odd, we take A==tb (mod 2m). Then (23) yields an integral 
value of 4(a—b) and hence an odd integral value of a. But if 0 is even, 
we take 

b=2B, A=2tB+m(1—B) (mod 2m). 


Then A — 2¢B + mB is the product of m by an odd integer «. Write a= 2e. 
Then (23) holds. Since a==2 (mod 4), Lemma 2 is applicable. 

Since we may use either an even or odd value of b, we may employ § 4 
with d=1,e¢,—0, C=0, D=A. Then P—n is positive. We have 


2W = 6mA — 3m? + 3mn + 2n?, 


and find that 


4F = m?(2A + 3m — 3n — 8e,)? + 12mn?(m — n — 2e,). 
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Replacing n by its value 2t— m, we get 
F = m*w? + 6(— 4m#* + 8m*t? — 5m*t + m*), w—=A+ 3m —3t. 


First, let 2m2t. If AZ5m-+ 9, then w= 8m + Gt, 
mw = 8m* + 6mt = 2t? + 3t, mw? = 25t* > 24m, 


since t>m. Then F>0. Hence the theorem is proved for integers 
N=%m+9t. To verify it for V = 9m + 11, we omit from (25) the initial 
values m +- 3t, 2m + 4t, --:, 9m -+ 9¢ from each block and see that all gaps 
are now ¢ or m < tl. 

There remains the case 2m <t. Then 3m7t? > 6m*t. Hence F > 0 if 
mw? = 24mt? — 30m?i?. Let 5m =t. Then 120m?t? = 24mé?. Thus F>0 
if m?w? = (120 — 30) m7é? and hence if w= 10t, i. e., if A =— 3m + 18. 
This holds if A=—3m-+13¢+2(5n—t) =%m-+11t, and hence if 
N=9m-+11t. For the smaller N’s, the theorem was verified above. 

There remains the case 5m < t. Then mt? > 5mt, so that F > 0 if 
m>w? = 24mt® — 42m*t?. To dispose of the subcase pm = t, we proceed as 
follows. Then 24pm?t?= 24mt?. Thus F>0 if m?w? =g?m*t?, where 
q? = 24p— 42, and hence if A =—3m-+ (q+ 3)t, or 
(26) N=>—m+ (q+3)t. 

Since 2(pm—t) = 0, (26) holds if 
N= (2p—1)m+ (q+ 1)t. 
Take p18. The least g is 20. It remains to investigate the integers 


N < 35m-+ 21t. Those =[9m-+11# were discussed above. It suffices to 
employ the following sums by four of numbers (21): 


9m + 10t; 14m + 10#, 11¢, 12¢; 19m + 12¢, 13t, 14¢; 24m + 14¢, 15t, 16¢; 
29m + 16¢, 17¢; 34m + 17t, 18¢; 38m + 182, 19; 43m + 192, 200, 
whose gaps are ¢, 4m and 5m < t. 
There now remains the case 18m < ¢. We now proceed by induction on 
1 from the case 2im < ¢ to the case 2(1-+1)m<t. Hence let 2lm < t, 
pm =t, where p=2(1-+ 1), and / is an integer = 9. We may take q= 
21+ 3 since gq? = 24p— 42 forJ/=9. Then 


f(21) =1(21 —1)m + 2lt = (21+ 6), 
since 


12(1-+1)m=6t, 1(21—1) > 12(1+1), 


for! =9. Hence f(2/) exceeds the limit (26), whence the theorem holds for 
all integers = f (27). 








HA 


— 
2 = 


j=] 
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To verify it for integers < f(2/), we apply the following result for A = 2l, 
2lm < t. 


Lemma 3. Ina table of all sums by two of values of f(x), all gaps are 
<t to f(A) f (A—1)mSt. 


For a given g, the sums gt + s,m, gt + s.m,- - *, arranged in ascending 
order of magnitude, will be said to form the block of rank g. That of rank 4 
is composed of 4¢ + 2m, 4¢-+ 3m, 4t-+ 6m. The block of rank 2é is com- 
posed of 


(27) = f(€ +8) +f(€—8) = 26 + (P+ 2—é)m (8=0,1,---, €). 


When 8 is changed to 6 + 1, the increment to this sum is (28-+1)m. Hence 
the largest number of the block is evidently f(2&), whence 2€=A. Hence 
the maximum gap within this block is (28—1)mSt. The numbers of the 
block of rank 2é—1 are 


(28) f(€-+8—1) + f(—8) = (26—1)é + (8&—8 4+ & —2E41)m 
(8=—=1,---, €). 


When 84 is changed to 8+ 1, the increment to this sum is 28m. Hence the 
largest number of this block is given by 5=é and is f(2§—1). Thus 
2§— 1A, and the maximum gap within this block is 2(é—1)m St. 

Subtracting the largest number f(2—1) in the block of rank 2§é—1 
from the least number 2f(é) in the block of rank 2€, we get t — m(é—1)?, 
which is either = 0 or is positive and =?. Hence either these blocks overlap 
or the gap between them is =¢. Likewise, if we subtract the largest number 
f(2§— 2) of the block of rank 2é— 2 from the least number of that of rank 
2§— 1, we get ¢— (E—1)(E— 2) mSt for €=2. 


%. Turorem 4. Let k=0 and write L for the least s+ e, fors= 5. 
When t~1,L—=m+2tf m=3, L=5 tf m=1 or2 Whent >1, write 
m=ut+v,0Sv<t; then L=u+it+lifv=—0u23, L=u+ti+2 
f02=1,4023, L=—t+4ifu—0,1, or 2. , 


First, let m= (s—2)t, s=5. By §5, 
s+ es = m—s(t—1) + 3¢—1. 


If ¢ 1, this is m + 2 and is independent of s. But if ¢ >1, the sum is a 
minimum for the maximum permissible value u-+ 2 of s, since u=s—2. 
The minimum isA>~v+u+ i+1ifuZ3. 
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Second, let m < (s—2)t, s=5. By §6, s+e,—s+t—1 is least 
for the least permissible s. If ¢— 1, the least s is 5 if m < 3, but is m+ 3 
if m=3. Let ¢>1. Then uw=s—3. When u=— 0), 1, or 2, the least 
permissible sis 5. When u = 3, the least permissible s is w + 3, and the least 
steisu+i+2 Thisis=Aif1lSv. 


CasEs IN WHICH k = 0, 4-++ eg < L, §§ 8-10. 


8. When ¢ = 1, it is known (Bulletin, I) that 4+ ¢,ism+2ifm=2, 
but is 4if m=—1. Henceforth let ¢ > 1. 


THEOREM 5. Ifk=—0,¢t>1,m> 2t,then4+e=L. But if m=2t, 
then 4+¢e,=t+3—LZ—1. 


No sum of four values (21) of f(x) lies between m + 5¢ and 2m - 4t, 
since the value 3m -+ 3¢ exceeds the latter. Writem=—ut+v. Thenu= 2, 


4+ B,(2m + 4t—1) =4+m—t—1—ut+0—t+3=p2 


First, let v = 0,u=3. Then »—L= (u—2)(t—1) >0. 

Second, let v= 1, u=3. Then »p—L=(u—2)(t—1) +0—1>0. 

Third, lett u—2. Then »—Z—=—v—1. There remains only the case 
u=2,v=0, whence m= 2t. Then f(x) = tx’, whence every multiple of ¢ 
is a sum of four values of f(z). Evidently e, = ¢—1. 

9. THEoREM 6. If k=0, mSt, then eg =—t—1. 


If m=t, f(x) is the product of the general triangular number by t¢. 
Hence every multiple of ¢ is a sum of four (in fact, three) values of f(z). 
Hence e, = t—1. 


For k = 0, (4), (7), (9), and (11) give 
(29) n=2i—m, C=0, D=A—m(a—bd)/2+ +17, 
~ (30) U = 24mA + 36¢? — 12tm — 15m?, 
(31) V = 2mA + 4t? — 6tm + m? + 2m. 
For convenience write d= 28. By (16) and (18), we get 
F = m’*w? — Jt*m — Kt?m? — Lim* — Mm* 


+ 244m + (968 — 72) tm? + (968? — 1448 + 54) m’, 
(32) w—A—148t— (148?—2184+4)m+4, J = 488+ 24, 
K = 2408? —1208— 72, L —=3848* — 6248? + 1803 + 54, 
M = 1928+ — 5768* + 5408? — 1628. 








oa 2a ae © © 
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(I) Let 2m=t>~m. Since the values 0, 1,:-:, ¢—1 include a com- 
plete set of residues modulo m, the same is true of the values of tb +r for 
any fixed b. There will exist an odd } between its limits if d—2. We take 
th-++r=A (mod m). Then (29) determines an integer (a—b)/2 and 
hence an odd integer a. 

Since § = 1, the last three terms of F in (32) are positive. Here §=—1. 
Then L = M——6. Hence F > 0 if 


mu? = 12t9m + 48t2m?, o—= A—14¢+ 8m +4. 


Multiply 2m Zt by 72¢?m. Thus F>0 if mw? = (144-+4 48)t?m? and 
hence if » = 14¢, and therefore if 


A = 13(2m—t) + 28¢ — 3m = 23m + 15. 


But the gaps are St to 23m + 15¢ in a table T, of sums by four of values of 
f(z). Such a table is derived from Table I in Bullet, I, by multiplying all 
terms free of m by ¢. 


(II) Let 2m <t. We may employ a single odd 0 as in (I) or a single 
even b. For, if b==2 (mod 4), th + r=A (mod 2m) holds for one of the 
available values 0,1,:--:,¢—-lofr. Then (29) determines an even integer 
(a—b)/2, whence a==2 (mod 4), and Lemma 2 is applicable. But, if 
b==0 (mod 4), th +r=A-+m (mod 2m) holds for one of the available 
values of r. Then (29) determines an odd integer (a—b) /2, whence a=2 
(mod 4). 

Hence d~—1,5—4. By (82), 


F = m*o? — 48t°m + 12t?m? — 36tm® + 6m‘ + 6m + 24tm(t—m), 


where w= A—‘t-+3m-+4. Since 18¢?m? — 36¢m* = 18tm?(¢— 2m) > 0, 
F> 0 if mu? = 482m — 54t?m?. 

Consider the case 5m=t. Then 240¢?m? = 48¢°m and the preceding 
condition holds if m?w? = ht?m?, h = 240 — 54 —186 < 14? and hence if 
o=14t. Thus F>0 if 


A=6(5m—t) + 21t — 3m — 4 = 27m + 15t —4. 
For A S 2%m.+ 16t, H,(A) St—1 by table 74. 


(III) There remains the case 5m < t. Then 8t?m? > 40¢m’, and F > 0 
if mw? = 48t°m — 64t?m?. Consider the subcase pm =t. Then 48pt?m? = 
48t°m and F > 0 if w |} qt, where q? = 48p — 64, and hence if 


(33) Aza, a=(q+7)t—3m—4. 
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Take p= 34. The least g is 40. Then (33) holds if 


A = 6(34m—t) +a—=201m + 41t—4. 
For smaller A’s, H,(A) S¢—1 by table T>. 


(IV) For the final case 34m < t, we proceed by induction on J from 
the case 2lm <i to the case pm <t, p=2(1+1). Hence let 2lm <t, 
pm=t, 121%. We may take q—2/+7 since g?= 961+ 32. Then 
f(2l) = (214+ 14)t>a. In fact, 


1(21—1)m > 14(21 + 2)m = 14t, 


since (41 — 29)? = 39? > 29° -+ 8-28. This proves the theorem for numbers 
= f(2/). It follows from Lemma 3 for numbers S /f(2/). 


10. THEorEM 7%. If k=0, t<m, %t24m, then eg=t—1. If 
Wt <4m < 8t, then e4(A) =t—1 for AS 400m + 58¢. 


First, let << m, 2m S 3t. We assign to r the values 0, 1,- - +, ¢—1, 
and to b two odd values 8, 8+ 2. Then the residues modulo m of the values 
of tb + r include ¢@ + j (7 =0,1,° - -, m—1) and hence a complete set of 
residues. In fact,¢(8 + 2) =t8-+h (mod m), where h = 2¢—~™m is posi- 
tive and <?t. The values of r and h+-,r together include 0, 1,---, 
3t —_m—1=m—1. The desired two odd values of b will occur between 
the limits for b if their difference exceeds d=4. Since 52, F>0 by 
(32) if 

mw? = 120tm + 648t?m?+ 990tm? + 300m+, 


where o = A— 28t—18m-+4. Multiply m >t by 120¢m, 3t = 2m by 
495 tm?, and 91? = 4m? by 75m. Hence F > 0 if 


mw? = gi?m?, g = 120 + 648 + 1485 + 675 — 2928 < 55%, 
and hence if w= 55t. This holds if 
A =57(m—t) + 83t + 18m = 5m + 264. 


Here n > 0 and the reduced minor conditions (20) hold if A=4t. Using 
only m < 2t, we see that all gaps are < ¢ down to 75m + 25¢ in table 7». 


Second, let 2m > 3t, 7 = 4m. Give to b the odd values 8, 8 + 2, B+ 4, 
8+ 6. Then the values of tb + r are congruent modulo m to the sum of tf 
and the values of r, h+ 7, 2h+ 7, 3h +71, which include the consecutive 
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numbers from 0 to 3h-+¢t—1=m—1. Thus d=8, 5=4. By (32), 


F>0 if 
mu? = 216¢?m + 3288t2m? + 15366¢m? + 20280m4, 


where ow = A— 564—144m + 4. Multiply 2m > 3t by 72t?m, 7t = 4m by 
3842tm?, and 49t? = 16m? by 1268m?. Hence F > 0 if wo = 305t, since 


305? > 92458 = 144 + 3288 + 26894 + 62132. 


Thus F > 0 if 
A = 361t + 144m + 103(2m— 3t) = 350m + 52t. 


When m < 2t, we saw that all gaps are =¢# in Ty to 75m + 25¢; this 
is true also to 115m + 27¢. From thence to 354m + 55t, we employ only 
m < 8¢ and find that all gaps are <= ¢ in T, and the following extension of it. 


TABLE T). 


All Sums of Four Polygonal Numbers. 


200m-++25—27, 29, 30, 32—35, 3742; 201m+27, 28, 31—37, 39—42; 
202m-+28—42 ; 203m+28—33, 35—41 ; 204m-+30, 32—42; 205m+26—28, 
31—37, 39—42; 206m-+28—31, 383—35, 3742; 207m+28—33, 35—41; 
208m+29—42; 209m+31—37, 3942; 210m+21—24, 30—39, 41—43; 
211m+23—25, 2Y—33, 35—41, 43; 212m+25, 26, 29, 30, 32—43; 
213m-+24—27, 31—37, 3943; 214m+26, 27, 30-43; 215m+28, 31—33, 
35—41, 43; 216m+25—31, 33—43; 217m+27—29, 31—37, 39—43; 
218m-+28—30, 33—43; 219m-+28—33, 35—41, 43; 220m+26—28, 30, 
3244: 221m+28, 29, 31—37, 3944; 222m+29—31, 33—35, 37—44; 
223m+29—31, 35—41, 43, 44; 224m+31—44; 225m+27—29, 31—37, 39—44; 
226m-+29—39, 41—44; 22%m+31—33, 35—41, 43, 44; 228m+30, 31, 
33—44: 229m+32—37, 39—44; 230m-+31, 32, 3444; 231m-+22—25, 
98—33, 35—41, 483—45; 232m+24—26, 30, 31, 3345; 233m+26, 27, 32, 
3437, 3945; 234m+25—28, 31, 32, 34-43, 45; 235m+27, 28, 30—33, 
36—41, 43—45 ; 236m-+29, 32—39, 41—45 ; 237m+26—29, 31—37, 39—45; 
238m-+28—31, 33—35, 3745; 239m+30—32, 35—41; 48—45; 
240m-+29—45 ; 241m+27—29, 31—37, 3945; 242m+29, 30, 34—39, 
41—46; 243m+30—32, 35—41, 4346; 244m+30—46; 245m+31—37, 
39—45 ; 246m+28—46; 24%m+30—33, 35—41, 483—46; 248m+32—35, 
3_—46 ; 249m-+31—34, 36, 3%, 39—45; 250m+33—43, 45, 46; 251m+32, 
33, 35—41, 4346; 252m+29—46; 253m+23—26, 31, 32, 34—37, 39—45, 
47; 254m+25—27, 33, 35, 3Y—47; 255m+27, 28, 31—33, 3541, 43—47; 
256m+26—29, 32—47; 25%m+28, 29, 34-37, 39—45, 47; 258m-+30, 
33—39, 41—47; 259m+27—32, 3541, 48347; 260m+29—33, 3747; 
261m-+31, 3437, 39—45, 47; 262m+30—47; 263m+28—30, 32, 35, 36, 
38—41, 43—47; 264m+30, 31, 37—48; 265m+31—37, 39—45, 47, 48; 
266m+31—43, 45—48; 267m+31—33, 35—41, 43—48; 268m+29—31, 
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33—48 ; 269m-+31—37, 39—45, 47, 48; 270m+33—35, 3748; 271m+32, 
33, 3541, 4348 ; 272m+34—36, 38—48 ; 273m+33—37, 39—45, 47, 48: 
274m-+30—39, 4148; 275m+32, 33, 35—41, 4348; 276m+24—27, 
3243, 4549; 277m+26—28, 3337, 3945, 4749; 278m-L28, 29, 
3447, 49; 279m+27—30, 35—41, 4349; 280m+29, 30, 3449; 
281m+31—37, 39—45, 4749; 282m+28—31, 33, 34, 36—43, 4549; 
283m-+30—32, 35—41, 43—49 ; 284m-+32, 3438, 40—49; 285m+31—33, 
36, 37, 3945, 4749; 286m+29—31, 33—35, 3749; 28%m-431, 32, 
35—41, 483—49; 288m+32—50; 289m+32—37, 39—45, 4750; 
290m+34, 35, 3Y—39, 4150; 291m+30—32, 35—41, 43—49; 
292m+32—50; 293m+34, 35, 37, 39—45, 4750; 294m+33, 34, 36, 
38—47, 49, 50; 295m+35—41, 43—49; 296m+34, 35, 3Y—50; 
29%m+31—36, 39—45, 4750; 298m+33—43, 45—50; 299m+35—38, 
40, 41, 4349; 300m+25—28, 34, 35, 3739, 4151; 301m+27—29, 
35—37, 3945, 4751; 302m+29, 30, 3Y—51; 303m+28—31, 35—41, 
483—49, 51; 304m+30—34, 37—51; 305m+32, 34, 35, 3945, 4751; 
306m+29—32, 36—39, 41—51; 307m+31—33, 35—49, 51; 308m+33—51; 
309m+382—37, 3945, 4751; 310m+30—32, 34, 36—47, 49—51; 
311m+32, 33, 3741, 4349, 51; 312m+33—35, 3752; 318m+33—36, 
39—45, 47—52; 314m+35, 3743, 45—52; 315m+31—33, 36—41, 43—49, 
51, 52; 316m+33—36, 38—52; 31%m+35, 36, 40—45, 4752; 318m+34, 
35, 387—52; 319m+35—41, 43—49, 51, 52; 320m+35—38, 40—47, 49—52; 
321m+32—37, 39—45, 4752; 322m+34—39, 41—52; 323m+36, 38—41, 
48—49, 51, 52; 324m+35—52; 325m+26—29, 36, 37, 3945, 4753; 
326m+28—30, 37—39, 4147, 49—51, 53; 327m+30, 31, 36—41, 48—49, 
51—53; 328m-+29—35, 38—53; 329m+31, 32, 35, 36, 40—45, 4753; 
330m-+33, 36—53 ; 331m+30—33, 35—40, 48—53; 332m+32—34, 37—53; 
3338m+34, 39—53 334m+33—35, 37—53; 335m+31—33, 35, 39—41, 
43—49, 51—53; 336m+33—53; 33%m+34—37, 39—45, 47—54; 
338m-+34—36, 38, 39, 41, 42, 44-54; 339m+36—38, 40, 41, 4354; 
340m+32—84, 37, 39, 41—43, 4554; 341m+34—37, 40—45, 4753; 
342m+36—54; 343m+85—41, 4349, 51—54; 344m+37—54, 
345m+35—37, 39—54; 346m+33—43, 45—54; 347m+35, 36, 38—49, 
51—54; 348m+3%—54; 349m+36, 37, 39—45, 4754; 350m+37, 38, 
41—55; 351m+2%7—30, 38—41, 4355; 352m+29—31, 3Y—55; 

358m+31, 32, 34-36, 39, 40, 4245, 4755; 354m+30—33, 36—39, 
41-55. 


Third, let 7t < 4m < 8t. Is e,==t—-1? Let / be the least integer 
for which ¢(21—-1) = ml. By using the odd values 8, 8B + 2,---, B-+21—2 
of b, we get d = 21, and the method of § 21 gives the same d. The resulting 
limit for A is beyond our table. An incomplete extension of the latter to 
400m + 58¢ was made quickly by adding 0, 1, and * occasionally m + 2 to 
the tabulated sums by three of values of f(z). When m < 3t, the gaps are 
= ¢ in this extension. 





* Also 3m+3 to 383m-+ 40 and 397m -+ 49, 50; and 6m+ 4 to 386m- 44, 
394m + 50. 
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All the results in §§ 8-10 may be combined into 


THEOREM 8. Let k—0Oand L be the leasts+e,fors=5. If m> 2t, 
thn4+ea=L. But 4+e=—t+3=—L—1 tf m=—2t or 4mS 7% and 
doubtless also tf Tt << 4m < 81. 


11. THEorEM 9. If k—0,m>t,3-+ eg is not less than the minimum 
ste, fors=4. But if m=t, e,=—t—1, while if m < t, e(A) St—1 
for A = 400m + 58z. 


The sums by three of the values of f(z) are 


0, t, 2¢, 3¢; m+ 2t, m+ 3t, m+ 4t; 2m -+ 4t, 2m + 5t; 
3m + 3t,:--, 3m-+ 6t; 4m-+ 5t, 4m-+ 6t; 5m-+ 7H; 

6m + 4t,-- -,6m-+ 7%; 7m + 6t,- +--+ 5 21m-+ Vt,- +: -, Mm +126; 
22m + 9t, 22m +-10f, 22m + 12t, 22m + 13¢; 

23m + 11t, 23m + 13t; 24m+-10%,-°:-. 


If m = 3t, there is a gap m + ¢ from 4m + 6¢ to 5m + %t, which is less 
than all later entries. Thus 3+ #;,(5m+ %t—1)=m+i+2=a If 
t=1, thn m=3, a=—L+1, for L—=m-+2 of Theorem 4. If ¢>1, 
write m= ut+v, 0OSv<t, whence uw=3. Since m>u,a>L. 

Next, let 2¢ < m < 3t, whence u—2,¢>1. There is a gap 2m— 2t 
from 4m + 6¢ to 6m -+ 4t, and 3+ #;—=2m—21+2>2D=t+4 

Next, let ¢< m=2t. There is a gap m from 21m-+12¢t to v= 
22m +12¢. Consider B=3-+ F;(v—1)=—=m-+2. If t—1, then m=—2, 
andB=4—4+¢e. Let?>1. Iim>t+1,thn B2=L—t+4. There 
remains the case m=t-+1. Then 4m %t and B—=4- e, by Theorem 7. 

When m = t, f(x) is the product of ¢ by the triangular number $(2?+-2). 
Hence every multiple of ¢ is a sum of three values of f(z), so that eg = ¢—1. 

The methods of this paper do not apply directly to the remaining case 
m<t. An extension of the above table of sums by three was used to verify 
that e,(A) St—1 for AS 400m + 502. 


12. Comparison of 2+ e, with s + és. 


First, let m=t. There is a gap from 39m + 12¢ to a= 42m + 13¢ in 
the table of sums of two values of f(x), and o—2-+ #,(a—1) = 3m-+#-+1. 
In all cases) c= LZ of Theorem 4. Also, o>¢-+3 in the last part of 
Theorem 8. If m=t,o>38-+¢e,—t-+2 of Theorem 9. 


Second, let 2m =t>m. There is a gap from 3m- 4t to 4m - dt, 
whence r = 2+ F,=m+i+1. If m2=2,7r2t+83 of Theorem 8 In 
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the remaining case m—1, ¢—2, there is a gap 4 from 2?m+11t=— 
29m + 10¢ = 49 to 31m + 11¢ = 53, and 2+ #,(52) =5 =t +3. 


Third, let 3m =t>2m. There is a gap from 8¢ + 21m to 9t + 22m, 
and 2+ F,=t+m+12t-+3 unless m —1, whence {=3. In the lat- 
ter case, there is a gap 5 from 70 = 11¢ + 37m = 12t + 34m to 75 = 10 
+ 45m = 12¢ + 39m = 13¢ + 36m, and 2+ H#,(74) =6 =t-+ 3. 


Fourth, let 4m =t> 3m. There is a gap from 9¢ + 18m to 9¢ + 22m, 
and 2+ #,—4m+1=2t+3 unless 4m—t ort+1. When t= 4m, the 
(first) gap 6m is from 394m to 400m, and 2+ #£,—6m+1=2t+3. 
Finally, let 4m =t¢-+ 1. Since 4m = ¢ and 7m S 2t, there is a gap 5m from 
16¢ + 60m to 16¢-+ 65m. Here 2+ #,—i5m+12¢-+3. 


Fifth, let 5n2=t>4m. There is a gap 5m from 10¢-+ 24m to 
10¢ + 29m, and 5m+12#-+3 unless 5m=—t or ¢+1. When t= 5m, 
the (first) gap 8m is from 962m to 970m. Finally, let 5m —t-+1. Since 
5m =t, 9m S2t, there is a gap 6m from 17+ 70m to 1%7¢-+ 76m, and 
6m +12#-+3. 


Sixth, let 6m=t>5m. Write t=—im+g,0<gsm. If mS 2g, 
there is a gap 6m from «a = 15¢ + 55m to B = 15t + 61m, and 6m+12t-+3 
unless 6m =—t or ¢+1. If m> 2g, y=13t¢-+ 66m is the only entry be- 
tween @ and £, so that there is a gap 2 — 5m = 5m + 2g from y to B. It is 
=t-+2 unless g—1. Hence there remain only three cases: 


(34) t=—6m; t=—6m—1,m>1; t—5m+1,m>2. 


When ¢—6m, the first gap >6m is from 952m —41¢-+ 706m to 
960m = 497 + 666m. In the last two cases (34), we have found a gap ¢ + 1, 
whence 2+-H#,—t-+2. That this is the value of 3+ e, is plausible * by 
the last part of Theorem 9. 


Seventh, let 7m >t >6m. Write t=6m-+ g. The only possible en- 
tries between a = 32¢ + 249m and B= 32t-+ 256m are y = 29¢ + 268m, 
5 = 25 + 300m, «= 28¢ + 282m. If 2m=%g there is a gap 6m-+ 3g 





*If we do not admit this, we need gaps >t¢+2. There is a gap 6m—3g from 

17t + 70m to 14t + 91m; in the third case (34), it is >t+2if m>6. For m=3, 

= 16, the first gap 18 is from 1664 = 32t + 384m to 1682 = 29t + 406m = 38t+358m. 

For m = 4, t = 21, the first gap > 23 is from 3516 = 40t + 669m to 3540—=48¢+633m. 

For m = 5, t = 26, the gaps > t below 7000 are 28 = 4413 — 4385, 29 = 4847 — 4818, 
41 = 4899 — 4858, 36 = 5397 — 5361, 33 = 5726 — 5693, 30 = 5799 — 5769, 

30 = 6503 — 6473, 31 = 6582 — 6551. 
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>ti+2fromytof. If2m < 7g, m = 3g, there is a gap 8m —4g=t+1 
from y to 8. If m < 3g, there is a gap z= 9m — 7g from @ to 8, andz>¢t 
if 3m > 8g. Next, the only possible entries between a = 36¢ + 315m and 
b = 36¢ + 322m are c = 32¢ + 340m and d = 30¢ + 354m. If mS 2g, there 
isa gap 7m >t fromato b. If m > 2g, there is a gap w= 4m-+ 6g from 
dto b, and w >t if 5g > 2m. We have now found a gap > ¢ except when 
both 3m S 8g and 5g [2m. These imply 2g = m = 6g, which are the con- 
ditions for a gap 6m-+ 3g >¢# from 39¢-+ 601m to 42¢ + 589m. 


THEOREM 10. At least when t < Ym, 2-+ e, is not less than the mini- 
mum s+ es fors =3. 


Part II. Tue Case k > 0, m 2 2t, §§ 13-27. 


13. THeorEM ll. [fk >0,8s2=5, m= (s+2)t, then 
és = m—(s+1)t—1. 


No smaller value of e, will serve since no number between st and m—t 
is a sum of s values of g(x) =f(x—k) for integers x=0. To show that 
0 =—f(0) and ¢ =f (1) are the only such values < m—t = f(—1), we recall 
from § 2 that 


(35) f(—p) >f(—1), fp) >fQ) ifp>. 


If NV is any integer = 0, it remains to prove the existence of s integers 
xz = 0 such that 
(36) N=r+ Dq(c), 0SrSe. 
8 


- We shall first prove this for ks 1. Then the summands are chosen from 
f(—1) and f(z), 220. Since these are values of f(y) when y=—k, 
(36) will hold also fork >1. Write VW —A-4+ R, where 


(37) A= q(z), R=r+ Z q(x), (Sta e. 


We can find a value of R congruent to any assigned integer modulo m 
such that RS p= 11m—it—1. 
If s = 5, we employ m—+# and the first six values 


(38) 0, t, x= m+ 2t, A=3m-+ 3t, p—6m+ 4t, v= 10m-+ Bt 


of f(z). To10m- 5t we add 0,1,-- -,e¢;—=m—6t—1. To the remain- 
ing six we add only 0,1,:--,¢—1Se;. We get m integers RS p which 
are congruent modulo m to the consecutive integers from —t to m—t—1 
inclusive. 


9 


A 
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If s=6, we add 0, 1,:°-, t—1e, to the s—3 sums by s—4 of 
0 and ¢, and also to (s—5)t+.«, (s—6)t-+ 2, 2(m—t), and m—t. 
But we add 0, 1,---, ¢ to 6=(s—6)t+x«-+A. We obtain m integers 
R which are congruent modulo m to the consecutive integers from — 2t to 
m—2t—1. The maximum such Bf is ¢ + es = 5m — 2t—1 <p. 

We shall treat the first equation (37) by the method of § 4 with e, —0. 
By (4) with & =1, and (7), 


(39) n= 2t—3m, C—=m—t, 
(40) D=A—4C = m(a— 3b) /2 + tb. 


Let d=2. Then there is an odd value of b between the limits (10) and 
(12) on b. We proved that we can choose R = p so that A = N — R is con- 
gruent modulo m to any assigned integer. As the latter we take 4C + tb. 
Then (40) determines an integer (a— 30) /2 and hence an odd integer a, 
which is positive since 4a > 6%. By (16), P=2t—-m <0. Hence it re- 
mains only to satisfy the minor conditions in §4. In (9), (19), and (14), 
we replace n by its value (39) and D by A —4m + 4¢, and get 


(41) U = 24mA — 63m? + 12mt + 3622 >0 if A>3m, 
(42) 16V—U =—8mA + 79m? — 76mt + 2817—32me,>0 if AZO, 
(43) 3A = 11m — 4t — 4t?/m. 


The last holds if A = 4m — 3t. Hence (36) holds for every NV = 15m—4t—1. 
We next verify (36) when VN =15m-+¢—1. We employ the abbrevia- 
tions (38) and =m—t. Consider a sum & of p of 3, x, A, pw, v, where 
p=5. To & add the sums by s—p of 0 and ?t. Hence 3, 3+ ?#, 3+ 2t, 
-*,o=3-+ (s—p)é are sums by s of values of g(x). To each we add 
0, 1,°--°-, ¢—1Ses. We get the consecutive integers from = to M 
=+-+ (s+1— p)t—1 inclusive. We readily verify the following table: 


> M+1 > M+1 
0 (s-+1)t* s+. 4m+(s+1)t 
) m+ (s—1)t k+A2A 4m + (s + 4)¢* 
kK m + (s + 2)t* 28 +A 5m + (s—1)# 
28 2m + (s—3)t S+xe +A 5m + (s+ 2)t 
§+k 2m + st Rx +2 5m + (s + 5)t* 
2k 2m + (s+ 3)t* 28 -+K +A 6m +- st 
28+ « 3m + (s—2)t be 6m + (s+ 4)é 
A 3m + (s+ 3)t 2X 6m + (s+ 5)t* 


3x 3m + (s + 4)¢* 8+ yp Im + (s+ 2)t 











ie 











Be 
© 

as 
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: 
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M-+1 > M+1 

ktp %m + (s+ 5)t* s+y lim + (s+ 3)t 
28 + pw 8m + st k+y lim + (s+ 6)t 
Stxetyp 8m + (s+ 3)z Ww+At+pw llm+ (s+ 8)é* 
2x + p 8m + (s+ 6)é* S+x«tv 12m+(s+4)t 
2W+netp I+ (s+1)t 2p 12m + (s+ 7)t 
282+%«+21 Im+(s+2)t 2M+nK+v 138m+ (s+2)t 
St%e+y Im+ (s+4)t 8+ 2 13m + (s+ 5)t 
3X 9m + (s+ 7)t* K+ 2p 13m + (s+ 8) 

v 10m + (s+ 5)é “ 28+ 2 14m + (s+ 3)¢ 


cetAtp 10m+ (s+7)i* 


Except for the cases marked *, M + 1 is = the & in the next line, since 
s=5. For the cases marked *, m— (s+2)t+ M-+41 is = the & in the 
next line. This addition to M -++ 1 is permissible since we may add e, instead 
of —1too. Making the same addition to the final entry, we see that (36) 
holds for every N= 15m-+¢—1. This completes the proof of Theorem 11. 


14. TuerorEM 12. [fk >0,s25,%tSm< (s+ 2)t, then e,—t—1. 


No smaller value of es will serve since (35) and f(—1) =m—t=2t 
show that no value of q(x) lies between 0 and ¢. 

We can find a small value of & in (37) which is congruent modulo m to 
any assigned integer. 

If s = 5, we add 0, 1,:--, ¢—1 to m—-+# and the six numbers (38). 
We get Vt integers R congruent modulo m to the consecutive integers from 
—t to 6t—1 inclusive. They include a complete set of residues modulo 
m< %t. The maximum such F# is 10m + 6¢—1. If s=6, we proceed as 
in § 13, except that we add only 0,1,:-:,—1tod. We get (s+2)t>m 
integers & congruent modulo m to the consecutive integers from — 2¢ to 
st—1 inclusive. The maximum such RF is 4m + st—1. 

It suffices to prove (36) for /—1. We study (37,) by the method of 
§4 with e,—0, d=2. We have (39)—(43). Also F is given by (24). 
Since n is negative, F >0 for every D. Since m= 2t, (43) holds if 
A=4m— 2t. Adding to this the above maximum of R, we conclude that 
(36) holds if N = the larger of 14m + 4t—1 and 8m + (s—2)#—1. 

For the remaining values of N we proceed as at the end of §13. Each 
entry M + 1 marked by a * in the table exceeds the & in the next line since 
(s+ 2)t>m. 


15. THEorEM 13. Let k > 0, m= 2t, and write L for the least s + eg 
fors=5. Whent=1,L=—=m—2ifm2=%,L=5if2sim<%. When 












| 
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t>1, writem=uti+v,0S0< t, whenceu=2 Then L=u+t—3 if 
w=7,0=0;L=—u+t—2tfvZet,v21;2=t+4if *suse. 


First, let m= (s+ 2)t,s=5. By Theorem 11 of § 13, the least s + e, 
is m—2 if t=1, m=7; but is u+v+ti—3 if t>1, w=7, since 
u=s+2=7 and the maximum s is u—2. 


Second, let 2é=m< (s+2)t, s=5d. By Theorem 12, e, —=t—1. 
If ¢ 1, the least s+e,—s is 5 if 2im<7, but is m—1 if m=. 
If ¢>1, then s=u—1 and the least s+e, is u—1+#—1 if w=?%, 
but is 5+¢—1ifuSé6. 

Note that m < 7t if and only if w=6. Then 4+e¢e,=VU if and only 
if e, =¢ and hence if and only if there is a gap >¢ in table 7; of sums by 
four of values of f(a—sk) for r= 0. 


16. Case s=4,t=—1. First, let m=V%. Then 0 and 1 are the only 
values < m—1 of f(x—k). Hence to obtain the sum m— 2, we must 
employ m — 2 values 1. Thus £,(m— 2) = m—6, and m — 2 is the mini- 
mum s-+ e, fors=4. Second, let m< 7%. We employ the following results 
proved in Bulletin, II. If k—1, 4+ e, is 6 if m—6, 5 if m—4 or 5, 
4ifm=—3. If k2Z2,4+e, is 5 if m—6, 4 if m=3, 4, or 5. When 
m= 2, f(z) =z? and e,—0. This proves 


THEOREM 14. Jf k > 0, t=1, the minimum of s+e, fors=4 ts 
m—2 whenm = %, 5 when m = 6, 4 when m = 2 or 3, but when m = 4 or 5, 
ti5ifk=—1,41f k2=2. 


1%. Cases=4,¢t>1,k=—1,m=2t. A table T, of all sums by four 
of values of f(z—1) for integers z => 0 is derived from Table II of Bulletin, 
II, by multiplying the terms free of m by ¢t. We employ the notations of 
Theorem 13. If w= 6, there is a gap m — dt from 4¢ to m—t, whence 


g=4+4+ £,(m—t—1) =ut+v—5t4+3. 


If w=7, v=0, g—L= (u— 6) (t—1) > 0. If u2?%, v21, g—L 
= (u—6)(¢—1) + v—1>0. If u=6, g—L=v—1i=z0 unless 
v=0. But if m=6t, there is a gap 2¢ >¢ from 5m + 2¢—4m -+ 8t to 
5m + 4t< 6m. If w=—5, there is a gap 2t—v>t from 4m—4t to 
3m + 3t. If u—4, there is a gap ¢-+ v from 2m + 6¢ to 3m + 3¢. But if 
u = 4, v0, there is a gap 2¢ from 5m + 5¢ todm+%t. If u—3, there 
is a gap t + v from 5m + 5¢ to 6m + 3¢; if also v = 0, we apply the following 
with h = 3. 
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If m=ht, f(x) =tp(x), where p(x) is a polygonal number of order 
h+2. Forh = 2 or 3, every integer = 0 is a sum of four values of p(z— 1) 
by Bulletin, II. Then every multiple of ¢ is a sum of four values of f(—1). 


Hence eg =t—1. 
This covers the case w==2, v0. There remains only the case 


2at< m < 3b. 
18. THEorEM 15. If k=1,¢t>1, 2m=25t, m < 3t, then eg —=t—1. 


No smaller e, will serve since ¢ is the least value > 0 of f(e—1). Here 
n and C have the values (39). By (7), 


(44) D=A—4C0=—=mq+bi+r, ¢g=4(a—8Sb). 


Assign to b the odd values B, 8 + 6, 8+ 4, B+ 2, and to r the values 
0,1,::°,¢—1. The residues modulo m of bt +r are Bt plus 


0,°-', £—1; 64— 2m,:--, Ti —2m—1; 4t—~™m,::-, 5¢—m—1; 
2t,--:, 3 —1. 


Here 0 < 6¢— 2m St, 0 < 4t—m < Tt — 2m, 2t < 5t—m. Hence these 
four sets include the consecutive integers from 0 to 8:1 > m—1. Hence 
d=8. We have U in (41) and 


V =2mA + 44? — 6tm + m*?+ 2m, P=—2t+ 11m, 
F = mw? — 216t?m — 2664t?m? — 9702tm> — 8712m* + 24t?m 
+ 264tm? + 726m%, 


where » = A — 52t— 96m + 4. Multiply 2m = 5¢ by 44¢m, 3t > m by 
9702tm?, and 9t? > m? by 8712m?. Hence F > 0 if m*o? = ht?m’, 


h = 88 + 2664 + 29106 + 78408 = 110266 < 333.” 
Hence F > 0 if » = 333¢ and therefore if 
A = 69(2m — 5t) + 385¢ + 96m = 234m + 402. 


Then the reduced minor conditions in § 4 are satisfied. For, (14) holds if 
3D = 8t — m — 4t?/m and hence if D = 2t, A=4m— 2t. Also, (20) hold 
if A= 4m—4. 

The gaps in table T, are all =¢ down to d=2%m- 9, and from 
b= 25m + 15¢ to the limit 54m-+19t, when m < 3t. Now 6¢—2m is 
positive and S 7; adding it to d we get b. 

We employ table 7, cited in § 9, of sums by four of values of f(z). 
‘To it we annex the sums 
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m—t + 2(21m + %t) + 45m + 10t = 88m + 23t, 
m—t + m+ 2t + 10m + 5t + 105m + 15t —11%m+ 2lt—e 


of four values of f(x—1). Using only m < 3¢, we see that all gaps are now 
<= ¢ from 54m + 19¢ to either 112m-+-32¢ or o and (§ 10) from r=115m-+-271t 
to 234m + 45t. But 7 is the sum of o and 64—2mZSt. This completes 
the proof of Theorem 15, which covers the case 2v=¢ in the notation of 


Theorem 16. 


19. THeorEM 16. If k=1, m=2t+, 0<%v<t, then g=t 
except when 8v St or 4v =t, and then e, is probably t—1, with certainty 
that e4(A) =t—1 tf A= 400m + 58. 


In § 18 we cited the entries b, d, of table T,. They may be written as 
b = 65t + 25v, d= 63¢+ 27%v. All entries involving gm, where g = 29, 
exceed 6. Those involving Jm, where / S 23, are < d. Also, 24m + 15¢ < d. 
From the entry e = 24m + 16¢ and the entries involving 25m, 26m, 27m, 
28m, we eliminate m and see that e = 64¢ + 24v and f = 64¢ + 28v are the 
only possible entries between d and b. 

If 3v = t, then e = d, f =] d, and there is a gap 2¢ — 2v > ¢ from d to D. 
Hence let 3v<¢t. Then e—d—b—f —t— 83v, and there is a gap 4v 
from e to f. 

There remains only the case 4v =¢. As just noted, the gaps from d to e, 
e to f, and f to b are all =¢. Then by §18, the gaps in 7, are S# to 
% = 112m + 32¢ — 256¢ + 112v, and from B —113m + 31t = 257¢ + 1130 
to r and thence to 234m + 45¢ and (§ 10) on to 400m -+ 58%. We employ 
the following extension of table T,: 
113m-+17, 20, 21, 23—29, 31, 32; 114m+19, 22—27, 29—32; 115m+20—22, 
24, 25, 2732; 116m+19, 20, 22, 23, 25—32; 117m+18, 21, 2329, 31, 32; 
118m+22—32 ; 119m+22—25, 2732; 120m-+16—19, 21—33; 
121m+15—21, 23—29, 31—33; 122m+14, 15, 17—23, 25—33; 
123m+13,:--, 


in which the terms free of m are to be multiplied by ¢. 
The only possible entries between « and B are 


y = 11%m + 21t = 255t + 11%, 8 = 120m + 16¢ = 256¢ + 1200. 


In fact, 


113m + 29¢ = 255t + 1130 <a, 114m + 2% = 255 + 1140 <a, 
114m + 29¢ = 257 +1140 > 8, 115m + 27t — 257t + 1150 > B, 
115m + 25t = 255¢ + 1150 <a, 116m -+ 23t = 255t + 1160 Sa, 
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116m + 25¢ = 257t +1160 >, 11%m + 18t = 252¢ + 11% <a, 
11%m + 23t = 257t + 11% > B, 118m + 22t — 258¢ + 1180 > B, 
120m + 17t = 257t +1200 > 8, 121m + 15t = 25%t + 1210 > B, 
122m + 14t = 258t + 1220 > B, 123m + 13¢ = 259¢ + 1230 > B. 


Each entry gm + ht with g > 124 exceeds B since h > 13. 


First, let 5v=t. Wedropy=a. If %vy=t, we drop also S5=B and 
have a gap¢-+vu>t from ato 8. Hence let 7» << ¢. Then there is a gap 
8v from « to 8, and a gap t—‘%v from 8 to B. There remains only the case 
8vt. If we attempt to prove that e, = ¢ — 1, we see that d = 20 by either 
of our methods and that there remain numbers far beyond our tables. 


Second, let 5u>t, 4vu¢. We drop 8>8. There is a gap 5u—t 
from @ to y and a gap w= 2¢— 4v from y to B. Since w >? if t > 40, 
there remains only the case ¢—4v. If we then attempt to prove that 
é, = ¢t—1, we may take v = 1 and see that d = 12 by either of our methods. 
We find that F > 0 if A= 6098. The limit at the end of Theorem 16 is 


now 38382. 
Combining Theorems 15 and 16 with the results in $17, we get 


THEOREM 17. Jf k=1, t>1, m=2t, the minimum of s+ eg for 
s=4 is L of Theorem 13 if m> 3t or if m—=2t+4, 0< %w<t, and 
neither 80 =t nor 4vu=—t. But itis4+e=—t+3—L—1 tif m=2t or 
m = 3t or m= 2 +7,0< 0 < tS 2v, and also up to 400m + 58¢ tf either 
8v St or 40 =—t. 


20. Ifs—=4,t>1,k 22, m > 6t, there is a gap from 4¢ to m—¢# and 
the first part of §17 shows that 4-+¢e,=L. 


21. The Cases=4,k =2,¢t>1,m=22t. If 5¢i mS 6t, there is a 
gap from 9m + 5¢ to 10m-+¢ in T, and the gap exceeds ¢ unless m = 5t. 
In that case, e, = ¢ — 1 by the end of § 17 and Bulletin, II, Theorem 4. 


Let m= 4t+7,0Sv0<t. If 3v > 2t, there is a gap 2¢—v > ¢ from 
28m + 2¢ to 2%7m-+ 8t. If 3v< 2t, there is a gap 2v from 25m + 16¢ to 
2%m + 8t. There remains only the case 2vt. We shall prove that 
é,==t—1. The use of only odd values of b leads to d 18 and hence to a 
limit for A beyond our tables. That we may take d= 9 is shown by the 
following method to be applied frequently in the sequel. 

For any &, (4) and (7) give 


(45) D=mH+th+r, H=43[a—(1+ 2k)b]. 


Si iS AEE 


Sse 
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Lemma 4. If b=2 (mod 4), the choice D=tb +r (mod 2m) yields 
an integer a==2 (mod 4) which satisfies (45). The same is true of the 
choice D=tb + r+ m (mod 2m) if b=0 (mod 4). If b is odd, either of 
these two choices yields an odd integer a satisfying (45). 


In the first case, H is even, whence a==b=2 (mod 4). In the second 
case, m == mH (mod 2m) and H is odd, whence a— b =2, a=2 (mod 4). 
If 6 is odd, either choice makes D = tb + r (mod m), whence H is an integer 
and a is odd. In all these cases we may apply Lemma 1 or 2. 

We seek the smallest set * of consecutive values 8B, 8 + 1,-- - of b such 
that, when 7 takes its values 0, 1,- - -, {—1, the values of D computed by 
Lemma 4 shall yield a complete set of residues modulo 2m. Then every 
integer D can be given the form (45) by use of permissible values of a and b 
for which Lemmas 1 and 2 are applicable. 


TABLE 7’. 


All Sums by Four of Values of f(x — 2). 
(terms free of m are to be multiplied by ¢) 


0—4; m—1, 0—5; 2m—2, —1, 0—6; 3m—3—1, 0, 1, 3—7 ; 4m—4—-1, 0—8; 
5m—4, —3, —1, 0—5, 7, 8; 6m—5—2, 0—9; 7?7m—5, —4, —2, —1, 0, 1, 3—9; 
8m—6, —3, —1, 0, 2—10; 9m—6, —5, —1, 0—5, 7—10; 10m—7, —4, —2, 
1—11; 11m+0, 3—9, 11; 12m—8, —3, 0—12; 13m—1, 2—5, 7—12; 
14m-+2, 3, 5—12; 15m—2, 1, 3, 4, 6—9, 11—13; 16m-+-1, 2, 5—13; 
1%7m+0, 3—5, 7—13; 18m+3—7, 9—14; 19m—1, 3, 4, 6—9, 11—14; 
20m+2, 5—14; 21m-+2, 3, 7—13, 15; 22m+1, 4—15; 23m-+5, 6, 8, 9, 
11—15 ; 24m-+-0, 4—16 ; 25m-+-4, 5, 7—13, 15, 16; 26m-+-3, 6, 8—11, 183—16; 
2%7m-+3, 4, 6, 8, 9, 11—16; 28m-+2, 5, 7—17; 29m+7—13, 15—17; 
30m-+-1, 6, 7, 9—17; 31m-+-5—8, 11—17; 32m-L5, 6, 8—18; 33m-+4, 7, 
9—13, 15—18; 34m-++4, 5, 9—18; 35m-+3, 6, 8, 9, 11—17; 36m+8—19; 
3%7m-+2, 7—13, 15—19; 38m+7—15, 17—19; 39m-+6—9, 11—17, 19; 
40m+6—20; 41m-+-5, 8, 10—13, 15—20; 42m-+5, 6, 9—11, 13—20; 
43m-+-4, 7, 9, 12—17, 19, 20; 44m-+-9, 11—20; 45m-++-3, 8, 10—13, 15—21; 
46m+9—21; 4%7m-+8, 9, 11—17, 19—21; 48m-+7—10, 12—21; 49m-+7, 
8, 10—13, 15—21; 50m-+6, 9, 11, 12, 14—22; 51m+6, 7, 11—17, 19—22; 
52m+5, 8, 10, 13—22; 538m-+12, 13, 15—21; 54m-+-4, 9, 12—14, 17—19, 
21, 22; 55m+11—17, 19—23; 56m-+-10—23; 57%m-+9—13, 15—21, 23; 
58m+8—11, 183—23; 59m-+8, 9, 11—17, 19—23; 60m-+-7, 10, 12—24; 
61m-+-7, 8, 11—13, 15—21, 23, 24; 62m-+6, 9, 11, 12, 14—24; 63m+12—17, 
19—24; 64m-+5, 10, 183—24; 65m-+-12, 15—21, 23, 24; 66m+12—25; 
6%7m+11—17, 19—25; 68m-+10, 11, 13—25; 69m-+9—13, 15—21, 23—25; 
70m-+-9, 10, 12—15, 17—19, 21—25; 71m-++8, 11—14, 16, 17, 19—25; 
%2m-+8, 9, 13—26; 73m-+7, 10, 12, 15—21, 23—26; 74m+14, 16—23, 





* This was true for a single } in the simple case of (II), § 9. 
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25, 26; 75m-+6, 11, 14—17, 19—25; %6m+13, 15—26; 7%m+15—21, 
23—26; 18m+13—27; 79m+12—17, 19—25, 27; 80m+11, 12, 14, 15, 
17—27; 81m+10—13, 16—21, 23—27; 82m+10, 11, 13—27; 83m-49, 12, 
14—17, 19—25, 27; 84m+9, 10, 14-28; 85m-18, 11, 13, 15—21, 2328; 
86m+15—18, 21—28; 8¥m-+7, 12, 1417, 1925, 27, 28; 88m+14, 
17—28; 89m+15, 17, 18, 20, 21, 2328; 90m+13, 16—23, 25—28; 
91m+14—17, 19—25, 27—29; 92m+13—29; 93m+12, 13, 15, 16, 18—21, 
23—29; 94m+11—14, 17—29; 95m-+11, 12, 14-17, 1925, 2729; 
96m-+10, 13, 15—18, 2129; 9%m-+10, 11, 15, 16, 18—21, 2329; 
98m+9, 12, 14, 1727, 29, 30; 99m-+15, 16, 19—25, 2730; 100m-++8, 
13, 16—30; 101m+15, 18—21, 23—29; 102m+18, 19, 21—30; 103m+14, 
17%, 19—25, 27—30; 104m+-17—19, 2130; 105m+15—21, 23—29, 31; 
106m+14—23, 25—31; 10%7m+13—17, 19—25, 27—31; 108m+12—15, 
17—22, 24-31; 109m+12, 13, 15—21, 23—29, 31; 110m+11, 14, 16—31; 
111m+11, 12, 16, 1%, 19—25, 2731; 112m+10, 138, 15—32; 113m+17, 
20, 21, 23—29, 31, 32; 114m-+9, 14, 1727, 29-32; 115m+16, 19—25, 
27—32; 116m+18—23, 25—32; 11%m+15, 18, 20, 21, 2329, 31, 32; 
118m+17—19, 22—32; 119m+17, 20, 22—25, 2732; 120m+16—19, 
21—33; 121m+15—21, 2329, 31—33; 122m+14, 15, 1723, 2533; 
123m+13—16, 19—25, 2733; 124m+13, 14, 16—19, 2133; 125m+12, 
15, 17, 18, 20, 21, 2329, 3133; 126m+12, 13, 17, 18, 20-—31, 33; 
12%m-+11, 14, 16, 19—25, 2733; 128m+18, 20—34; 129m+10, 15, 
18—21, 23—29, 3134; 130m+17, 19—27, 2934; 131m+20, 21, 23—25, 
27—33; 132m+16, 18, 19, 21—34; 133m+19, 20, 2329, 31—34; 
134m+18, 21—34; 135m+21—25, 2733; 136m+1%—35; 13%m+16—21, 
23—29, 31—35; 138m+15, 16, 18—22, 2535; 139m+14—17, 19—25, 
27—33, 35; 140m+14, 15, 17—24, 26, 27, 29-35; 141m+13, 16, 18, 19, 
21, 23—29, 31—35; 142m+13, 14, 18—31, 33—35; 143m+12, 15, 17, 
20—25, 27—33, 35; 144m+19, 21—36. 


Write [j] for the set 7,7 +1,-°:-,j+#—1. 
(I) B=1 (mod 4). For b=, B+2, B+4, B+6, B+ 8, the 


values of D computed by Lemma 4 are congruent modulo 2m to the sum of 


tB and 


(46) [0],[m] [2t],[2t-+m] [4t],[4¢+m]  [6t], [6¢-+ m] 
[St], [8¢ + m]. 


For b=6+1, B+3, B+5, B+7, we get 
(47) [4] [3+m] [dé] [t+]. 


In the present problem, 4¢= m2 5t. We subtract the modulus 2m 
from 7¢-+ m and 8t-+-m. The sets 


[0] [#] [2¢] [7% —m] [8¢—m] [4¢] [5¢] [6¢] [24+ m] [3+ m] [4t + m] 
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overlap and are arranged in ascending order, since the first number of any set 
is = 1 plus the last number of the preceding set. The largest number of the 
final set is 5¢ + m—1=22m—1. Hence the sets include a complete set of 
residues modulo 2m. 


(II) B==3 (mod 4). We again have (46). But (47) is replaced by 
(48) [é+m] [8] [5¢+m]_ [7]. 
The following are overlapping sets in ascending order: 
[0] [5¢— m] [6¢— m] [2¢] [3¢] [4¢] [m] [¢+ m] [2¢+ m] [7%] [8¢]. 
The largest number of the final set is 9 —1=2m—1 since 2u Xt. 

(III) B=0 (mod 4). Forb=8+1, 8+3, B+5, B+7, we get 
(49) (¢],[¢+ m] [32], [3¢-+ m] [52], [5¢-+ m] [7], [7+ m)]. 
For b= 8, 8 +2, B+4, B+6, B+8, we get 


(50) [m] [2] [4¢+m] [64] [8¢-+m]. 
The set [4¢-+m] terminates with 5¢-+ m—1=5t—m—120 
(mod 2m) and hence contains the residues 0, 1,-: +, 5¢—-m—1. We em- 


ploy these and the following overlapping sets in ascending order: 


[5t—m] [¢] [2] [34] [8t—m] [m] 
[t+ m] [6t] [vé] [3¢-+m] [4¢+m]. 


(IV) B=2 (mod 4). We again have (49). But (50) is replaced by 
(51) [0] [2t+m] [4¢] [6t+m] [82]. 
Overlapping sets in ascending order are 


[0] [¢] [6¢—m] [%t—m] [3¢] [4] 
[5¢] [¢+ m] [2+ m] [38¢-+m] [8¢]. 


Since in all four cases we obtain a complete set of residues modulo 2m, 
we have d=9. Then 


n—=2t—5im, U=24mD + 36t?—156tm + 153m?, 
C = 3m — 2t, V = 2mD + 4t? —22tm + 25m? + 2m, 
P=2t-+ 11m, W = 3mD + 40? — 25tm + 4m’, 
F = m’w? — 240t?m — 2856t?m? — 9636tm* — 6534m* 
+ 24t?m + 264tm? + 726m‘, 
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where o = D—63t— 7im+ 4. Multiply m=4t by 60¢?m, 9t = 2m by 
4818tm?, and 8117=4m? by 16334m*. Hence F>0. if mw? = pt?m?, 
p = 60 + 2856 + 48362 + 132314 — 178592 < 4237, and hence if w = 423¢. 
This holds if 


A = 109(m—4t) + 12m — 8t + 423¢ + 63¢ + 75m = 196m + 42¢. 


The gaps are S¢ in T, to 122m + 33¢ and thence to 196m + 41¢ in Ty 
after annexation of 


164m + 28¢ = m—t + 3m + 3¢ + 55m + 11t + 105m + 15t, 
164m + 29t = m—t + 6m + 4¢ + 66m + 12t-+ 91m + 14t, 
194m + 33t = m—t + 28m + 8t + 45m + 10¢ + 120m + 16¢. 


Next, let 3¢ = m < 4¢. To prove that eg —t¢—1, give to b the values 
B, B+1,-:°, 8+ 7%. We suppress the final pair in (46), and the final 
entry in both (50) and (51). If @==1 (mod 4), the sets 


[0] [é] [2] [6t—m] [%t—m] [4¢] [5¢] [6¢] [8¢-+ m] 


overlap and are in ascending order. The largest number in the last set is 
4t-+m—1>2m—1. If B=3 (mod 4), the sets 


[0] [4¢—m] [5¢—m] [2¢] [3¢] [4¢] [¢+m] [2¢-+m] [6t] [7E] 
overlap and terminate with 8i—1>2m—1. If B=0O (mod 4), the sets 
[4¢—m] [t] [2¢] [8¢] [m] [¢+m] [5é] [6¢] [77] 


overlap and terminate with 8t —1=8i—2m—1=4t—m (mod 2m), 
and hence include a complete set of residues modulo 2m. If B=2 (mod 4), 
the sets 


[0] [¢] [5¢—m] [6¢—m] [3¢] [4¢] [5¢] [2¢+m] [8¢+m] 


overlap and terminate with 4¢-+-m—1>2m—1. Im every case, d=8. 
Using the above U and V, we get 


F = mw? — 216t®m — 2040t?m? — 5238¢m* — 1944m* + 486m* 
+ 241m + 216i¢m?, 


where o = D— 56t—40m+ 4. Multiply m2=3t by 72t?m, 4t>m by 
5238tm?, and 164? > m? by 1944m?. Hence F > 0 if 


mu? = gt?m?, g = 72 + 2040 + 20952 + 31104 = 54168 < 2332, 








it 
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and therefore if 
A = 56t + 40m + 233¢ + 12m — 8t + 82(m— 3t) = 134m -+ 38t. 


The gaps are = 7 to 77m + 26¢ in T. and thence to 134m + 34¢ in Ty after 
annexation of m—t-+ 15m + 6¢ + 2(36m + 91). 

Finally let m= 2¢-+v. In view of §§ 17, 18, it remains to consider 
only the case 0<2v0<t. In T., the gaps are St from 27m-+ 9¢ to 
28m + 17t. Hence by § 18, the gaps are =¢ down to «= 112m + 82¢ and 
from B ~113m + 31¢ to 400m + 58t. We employ the entries 


«= 117m + 20¢ = 254+ 117%7, p=118m + 18t = 254t + 1180, 
o = 118m + 19¢ = 255¢ +1187, r—119m + 17t = 255¢ + 1190. 


(i) Let 5¥>¢#. Then the gaps from @ to B are all <t. For, if 
5v => 2t, then e—a2—5vu—2t<t since 5vu < 60 < 3t, p—e—v, y—p 
= t—v, B—y = 2t— 4uv < t since 8v > 5v = 2t, and these differences are 
all =0. But if 5v < 2t, then y— a= 5vu—t, c— y=, B—o = 2%t— Bv 
are all positive and < 7. 


(ii) Let 5v#. Then 4, o, and + are the only possible entries between 
@ and B in T>. 
First, let ¢ = %v. We drops=Bp. If 6v < t, we drop also o <@ and 
have 
7—a=Ty—t2=0, B—r=—2t—bv >t. 


But if 6v = ¢t, then oc —a = 6v —t, r—o =v, B—7r = 2t— 6v are all 20 
and St, whence the gaps from a2 to B are St. 

Second, let 70 << ¢t. Wedropo<a,r<a. Then B—8S8—t—Y%v and 
there is a gap 8v from «@ to 8. 

In summary, there is a gap > ¢ if and only if 6v < ¢ < 8v, while the gaps 
are all = ¢ to 400m + 58¢ if ¢ = 6v or ¢ = 8v. 

If v1, then ¢=—3,---,60r=28. Ise,—i—1? 

For {= 3, m=7, e, = 2, either of our methods gives d=10. Then 


F = m?D? — 6250mD — 2658761 > 0 if MD = 6650, 


and hence if A=1010. But the gaps are =¢ to 130m + 34¢ — 1012. 
For t= 4, m =9, e, = 3, either method gives d=12. Then 


F = m2D? — 41940mD — 9573714 > 0 if mD = 42168, 
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and hence if A = 4762. This exceeds the limit 400m + 58¢ = 3832 of our 


tables. 
For t=5, m = 11, or t= 6, m = 13, or tf = 8, m = 17, the use of odd 
b’s only gives d = 14, 16, or 20, respectively, and leads to values of A beyond 





our tables. 

When v = 2, let first ¢ be even, = 27. Then m—=2M, M—=2T +1. 
Then f(z) = 2F (x), where F(x) has the parameters JT and M. In certain 
cases we just proved that its e, is 7 —1, so that every positive integer is 
a sum of r and four values of F(a2—2) where r—0,:--,7—1. Hence 
every even integer is a sum of 2r and four values of f(t—2). Thus every 
odd is a sum of 27 -++ 1 and four such values. Hence every integer is a sum 
of RF and four values, where R= 27'—1. Thus es —t—1 for f(z). 

For v= 2, t=5, m= 12, eg = 4, either method gives d—=10. Then 


F = m?D? — 42000mD — 23263488 > 0 if mD = 42547, 


and hence if A = 3650 = 300m + 10#, and the proof is complete. 
But for v = 2, !=7 or 9, d= 12 or 14 and A is too large. For v=3, 
t=%7,d=10. 


THEOREM 18. Jf k—2,¢>1, m= 2t, the minimum of s +e, fors 24 
is L of Theorem 13 when 2m>9t, m= 5t, and when m=2t+1, 
6vu<t<8v; but is 4+e,=—=t+3—L—1 when m=—2t, m=—5St, 
5t S 2m S 9t, and for certain (and probably all) cases of m=2t+v for HW 


which either t S 6v or t = 8v. 


22. The Case s=4, k=3, t>1, mZ=2t. If m>6t, see $20. We 
need the following part of table T;: 


San 1-2, 6, 7 — 16, 17 —19; 29m -— 4, + b= 9, 10 — 19, 16 ij 
40m + 1—3, 6— 20; i) 


all entries gm + ht with g = 37 have h= 19; all with g = 41 have h 21, 
except for 46m—1. Hence if 5¢ << m S6t, there is a gap m—4t > ¢ from 
38m + 15¢ to 39m + 11¢ in 73. If m=—5t, eg —t—1 by § 21. 

Let m=4¢+v, OSv<t. We shall prove that e,—t—1. Since 
this is true by § 21 if 2v S#, let 2v > ¢, whence 2m > 9t. If B==1 (mod 4), 
we employ § 21 unchanged. If B=3 (mod 4) we employ after [8¢] the 
set [4¢-++ m] there ignored; it terminates with 5t+m—1>2m—1. If 
8B=0 (mod 4), we must use the new value b= £8-+ 9, which gives the set 


[9— m]; we insert it before [m]. If B==2 (mod 4), we must use also 
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b=B-+9; we place the new set [9¢] at the end; it terminates with 
10¢—-1 > 2m—1. In each case we may take d=10. Then 


F = m’o? — 264tm — 3024t?m? — 9306tm* — 3630m* +- 24t?m 
+ 264tm? +- 726m, 


where o=D—"0t—51m-+ 4. Multiply 2m > 9t by 30t?m, 5t >m by 
9306tm?, and 25t7>m? by 3630m*. Hence F>0 if mw? = It?m?, 
1 = 60 + 3024 + 46530 + 90750 = 140364 < 3757. But A = D+ 4¢, 
C—=6m—3t. Hence F > 0 if 


A = 5m +- 483¢ + 44(2m — 9t) = 163m + 377. 


To T. we annex 2%m + %t = 6m — 3t + 6m + 4¢ + 15m + 6¢, which is 
a sum of three and hence of four values of f(x— 3). Hence by § 21 the gaps 
in T; are S ¢ to 163m + 37. 

Next, let m=2t-+v. The only possible numbers between a and B in 
T;, but not in T,, are 120m + 14¢ and 123m-+ 6t. They are both < @ in 
the case 6v < ¢ < 8v in which there was a gap >¢ in 7. 


THEOREM 19. Ifk—=3,t >1, m= 2t, the minimum of s +e, fors =4 
is L of Theorem 13 when m > 5t, and when m= 2t + v, 60 << t < 8; but 
is 4+¢e=t+3—L—1 when m=2, 5tS[2m=10t, and for certain 
(and probably all) cases of m = 2¢ + v for which either tS 6v or t= 8». 


23. THrorEM 20. Ink =4,¢t >1, m= 2t, the minimum of s + eg for 
s=4is L of Theorem 13 when 2m>11t, and when m = 2t + v, 60 << t < Bw. 
But tt is 4+ e,=t+3—=— L—1 for certain (tf not all) cases of m=2t-+-, 
t= 6v or t=8v, for m=2t, for 5¢S[2m=10t, and probably for 
10¢ << 2m=11t since then FE,(A) =t—1 if A=354m-+ 55t and if 
A = 689m + 75t. 


If m > 6t, see §20. If 5t mS 6t, there is a gap 2m—10¢ from 
B= 69m + 21¢t to C=V1m + 11¢ in T,: 


69m-+4, 7, 9—13, 15—21, 23-25; 70m-+3, 8—10, 12—15, 17—19, 2125; 
Y1m—1, +3—8, 11—17, 19—25; 72m+3, 6, 8—26; 73m+2, 7—13, ---. 


Any entry gm + ht with g = 68 has h = 25 and is < B; any with g=7%4 
has h = —2 and is >C. Also, 70m + 15t, 71m -+ 8t, and 72m -+ 3¢ are 
= B; 69m + 23t, 70m +1%t, 72m+ 6t, and 73m+2t are =C. This 
proves the theorem if 2m > 11¢. 

Let m= 2t-+ 4. In the case 6v < ¢ < 8v in which there is a gap >t 
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in T, (and 7’;), table 7’, contains no entry, not in 7, which is between a and 
B of § 21, whence there is a gap > ¢ in T,. 

It remains only to consider the case 10¢< 2m 11t. Is eg —t—1? 
We obtain d—16 by using only odd values 8B, B+2 -:-,8+14 of b. 
Write [7] for the set 7,7-+1,---,j7+¢#—1. Take b—£, 8+ 6, B+ 12, 
B+2, 8+ 8, 8+14,8+4, 8-+10. We obtain the overlapping sets 


[0] [6t—m] [12#—2m] [2] [8t—m] [14¢—2m] [4¢] [10¢—m]. 


The final number of the last set is 11t—-m—_1=m—1. The same d—16 
is obtained by the method of § 21 and also by the use of modulus 8m instead 
of 2m. We get 


F = mw? — 408¢?m + 472t?m? — 65142tm? — 105840m+* 
-+ 24t?m + 504¢m? + 2646m%, 


where wo = D—112¢—300m+ 4. Then FSO if »21887%t. But 
A=D-+4C,C =10m — 4t, A = 4C + 112¢ + 300m = 340m + 96¢. Hence 
F>0 if ‘ 
A = 1887t + A+ 381(m — 5t) = 721m + 78t. 


We may lower this limit by subdivision of the interval from 5¢ to 5.5¢ 
for m. Making five equal divisions we find that the successive values of h 
in » = ht are 1757, 1789, 1822, 1855, 188%. To h-+A add 356(m—It)=0 
for 15, 5.1, 5.2, 5.3, 5.4, respectively. The respective limits for A are 
696m +- pt, where q = 73, 70, 67, 65, 61. The essential point is the decrease, 
so that the maximum A is to be chosen. 

Let the number of equal divisions increase indefinitely. Hence at the 
first step we have m approximately 5t¢, and F>0 if o > 1724t. We add 
A + 349(m — 5t) and obtain the best limit * 689m + 75¢ for A. 

We test values of A below this limit by a table ¢, of certain sums by four 
of values of f(~—4), which includes table JT, to 144m, table T, for larger 
numbers, the above entries 69m +-- - -, and the following, in which p—m—t, 
gq = 6m — 3t, r = 10m — 4t, and (2,y) denotes zm + yt: 








* Approximately 4 times the value 171m + 19¢ of f(a). 
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(10,0) = p+q-+1+ (3,3), (16,4) = q-+1+1+ (10,5), 
(20, 4) == p+qt (3, 3)-+ (10, 5), (27, 7) =r+(1, 2)+(6, 4) -+(10, 5), 
(30, 8) = q+1-+ (3, 3)+(21, 7), (35, 4) = p+q+ (28, 8), 
(40, 5) — p-+r+(1, 2)-+(28, 8), (52, 12) = q+1+ (10, 5) -+(36, 9), 

(76, 14) = q+(1,2)-+(3, 3)-+(66,12), (104, 20) = g-+2(10, 5) -+(78, 13), 

(148, 28) = p+2(21, 7) -+(105, 15), (159, 27) = p+(1, 2) + (66, 12) -+(91, 14) 


(164, 28) = p+(3,3)+(55, 11)+(105, 15), 

(164, 29) = p+(6, 4)+(66, 12)+(91, 14), 
(168, 28) = p+(10, 5)+(21, 7) + (136, 17), 

(176, 28) = p+(3, 3)+(36, 9)+(136, 17), 
(191, 27) =r+(6,4)+(55, 11) + (120, 16), 

(194, 33) = p-+(28, 8) -+(45, 10) + (120, 16), 
(200, 31) = p+(3, 3)+(91, 14) -+(105, 15), 

(202, 25) = 3m—2t-+ (28, 8) +(171, 19), 
(202, 26) = p+(1, 2)-+(10, 5)-+ (190, 20), 

(202, 27) = q+(10, 5)+(15, 6)+((171, 19), 
(207, 27) = p+(1, 2)-+(15, 6) +(190, 20), 

(228, 29) = 3m—2-++. (105, 15) + (120, 16), 
(248, 36) = p+(21, 7)-+(55, 11) +(171, 19), 

(260, 36) = p+(10, 5)+(78, 13) +(171, 19), 
(278, 33) = p+(1, 2)-+(45, 10) + (231, 22), 


where each (a,b) in the right members is a value of f(z). In this ¢, the gaps 
are St to 354m + 55t. Write m=5t-+ v. Then 20. We employ the 
gaps 2v beginning with (17,13) [and ending with (19, 3) ], (33, 13), (38, 15), 
(53,21), (74,23), (90,23), (95,25), (106,23), (121,29), (136,35), 
(139, 33), (142,31), (157, 37), (166, 38), (172,39), (173,37), (189, 37), 
(194, 39), (198,41), (200, 35), (205,37), (210,39), (216,43), (226, 39), 
(241,45), (257,45), (262,47), (273,45), (276,43), (278,47), (289, 45), 
(294, 47), (304,51), (310,47), (325,53). Finally, we replace (19,4) by 
18m + 9+ v, and similarly replace (27,9), (35,4), (97,16), (108,15), 
(108, 22), (115,25), (123,25), (130,27), (169,29), (174,31), 207, 33), 
(212, 30), (228, 31), (237, 37), (283,41), (298, 43), (321,45). Since there 
are no annexations * after (278, 33), and a rarer use of the two devices, with 
none after (325, 53), it is highly probable that the gaps are = ¢ to the above 
limit (689,75) beyond which the gaps were proved S t. 





* None are necessary after (1542, 156). Taking 6 = 8 in (32), we find that F>0 
if w > 4094¢. But w= A— 112t—732m +4. We add 810(m—5t) to the limit 


for A. 
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24. Casek=—5. First, let m= 2¢-+ v, 60 << t< 8v. Then 7; contains 
G = 121m + 13¢ = 15m — 5¢ + ¢-+ m+ 2¢-+ 105m + 15t. 


We may now pass from @ to B by gaps S# since G—a—9v—+ét and 
B— G= 2t—8v are both >0 and <#. By §21, the gaps are S¢ to 
400m + 58¢. For eg —=¢—1, either of our methods gives d= 18. 

Next, let m= 5¢+ v, 2v >t. From 7’; we need 
54m—5, —3, —2, 0, 1—15, 17—19, 21, 22; 55m—19, —10, —8, —3, 0, 1, 
3—9, 11—17, 19—23; 56m—6, —3, 1—3, 5, 6, 8—23; 5%7m—6, 0, 1—5, 
%—138, 15—21, 23; 58m—4, —2, —1, 0, 3—11, 13—23; 59m—4, —3, —1, 
0, 3—9, 11—17, 19—23; 60m—20, —9, —1, 2, 4—7, 9—24; 
while all earlier entries are = «—53m- 21t, and in every later entry 
gm +h, g = 61, h = — 8, whence it exceeds y = 56m + 5t. Now 54m-+15t, 
55m + 9t, 56m-+ 3t, 5%7m—6t are Sa, 54m+17t, 55m-+11t, 5%m, 
58m — 4t, 60m — 9t are =y. Hence the only possible entry between « and y 
is § = 60m — 20. 

If 7v S 6t, we drop 8S @ and have a gap 3m — 16 = 3v0 —t > 0 from 
a to y If tw>6t, 0<8—a—Ww—6tSt, but y—i—25t—4m 
= 5t—4v=t since t=v. Hence between « and y there occurs some gap 
> ¢ if and only if 


(52) tv S6¢<9v or W>6i, t>v. 


But we can pass from « to y by gaps S? if either 3v S 2¢ or vt. 

If 3v S 2t < 4v, the gaps are S¢ at least to 354m -+ 55¢. The proof 
is similar to, but longer than, that at the end of §23. For example, to 
(304, 51) we add 3v —¢t St and obtain (307,35). Likewise from (325, 53), 
we get (328,37), which is the sum of m—t, (6,4), (45,10), (276, 24). 
We annex the sum (312,36) of m—t, (3,3), (55,11), (253,23). After 
these changes, the proof in § 23 shows that the gaps are [7 from (296, 50) 
to (354,55). The least v is 2 and then t= 3, m —17%, and either method 
gives d = 22 and hence a very large limit for A. 

If vt, then eg —=2t—1. Since m—6t, the maximum gap is the 
product of ¢ by the maximum gap 2 when ¢—1, the first one being then 
from 979 to 981 (Bulletin, II). This fact indicates the delicacy of the 
case k = 5. 

THEOREM 21. If k=5, t>1, mZ=2t, the minimum of s+ e, for 
s24 is L of Theorem 13 when m=6t and when m=5t-+ v, subject 


to conditions (52). In all remaining cases, it is doubtless 4+-eg—=t-+3 
= [LZ —1, but complete proof has not been given in special cases. 


3 
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25. TuHrorEM 22. If k>0, m2=2t, t>1, 3+, is equal. to or 
greater than the minimum s-+ e, fors=4, except possibly when bothk=5 
and m = 4t, a case not examined. 


We employ the existence of a gap A = m—4t from 3¢ to m—t if 
m = 4t, gap B= m — 3¢ from m + 4¢ to 2m + ¢ if 44 =m S 5t, gap C = 2t 
from 2m —t to 2m + ¢ if m = 5t, gap D = 3¢ from 3m to 3m +- 3¢ if m= 6t 
or if k = 1, m = 5t, gap H = 3t from 5m + 4¢ to 5m + Vt if k=1, m2 3. 


(I) ¢>1. First, let m2. By A, g=3+ F;(m—t—1) 
=m—4t+2. We use the notations of Theorem 13. If uw=7, v—0O, 
then g—L = (u— 5) (¢—1) > 07. Tf u 2’, v 21, g—L = (u—S) (t—1) 
+v—1>0. 

Henceforth let m—=uit+v, 2[u=6, OSv<t. Theorems 17-21 
state that the minimum M of s + e, fors=4 is eithert+4or¢+ 3. Then 
3+e,=M if es >t or >t—1 and hence if there is a gap >¢+1 or 
> t, respectively. If wu—5 or 6,C >#+1. 

Letk=1. Ifu>2,#H>t+1. Letu=—2. There is a gap b=4t—-m 
from 3m to 2m+ 4¢ if m= 4t. Either b—=2t—v>#+1 or t—v—1. 
In the latter case, 2v = ¢ and M—¢-+ 3 by Theorem 17, whence b > ft. 

Henceforth let k >1,u=4. First, let w—4. Then B >¢-+ 1 unless 
m = 4t or 4¢-+ 1 and then M —t-+ 3 by Theorems 18-21, whence B > ¢ if 
m=4t+1. When m=4t, there is a gap 2¢ beginning with 41¢ if k = 2, 
V9t if k=3 or 4, 98¢ if k= 5, 2152 if k — 6, 292¢ if k— 7, 409% if k= 8 
or 9, ete. : 

There remain the cases u = 2, u = 3, with k =2. By Theorems 18-21, 
we have M—i-+3 and seek a gap >t, except that M—t-+4 if u—=2, 
k = 2, 3, 4, m = 2¢-+ v, 6v < ¢t < 8v, and then we seek a gap >¢ +1. 

Let u=3. If 20=t, there is a gap >¢ from 4m — 2¢ to 3m + 3t¢. 
Hence let 2v< ¢. If &—2 or 3, there is a gap t+ v from «—16m + 6¢ 
to B =17%m + 4t, while if v = 0 there is a gap 2¢ from 8m + 8¢ = 10m + 2¢ 
= 13m— it to 10m + 4 —12m—2t. If k 22, there is a gap 3v from 
2m + 5t to 5m —4t. Hence let 30%. Let alsokh 4. The only possible 
entries between @ and B are y = 20m — 7%t < B and § = 21m — 9t =a. First, 
lett<4v. Then8>B,y>a. While y—a<t, we have a gap B—y 
= 2¢— 3v > ¢ unless ¢ = 3v, and then there is a gap 4v > ¢ from 22m + 10¢ 
= 250 to 23m + 8t = 26m — 2¢t = 254v. Finally, if k —4, t = 4v, there 
is a gap t+ v from 19m + 12¢ to 20m + 10¢. If also v0, whence m = 3t, 
there is a gap 2¢ from 112¢ to 114t. 

Let u=2. If k =2, there is a gap 4m from Ym to 6m-+ 4t. It 















Dickson: Additwe Number Theory for all Quadratic Functions. 35 






exceeds ¢t and alsot+1ift>6v~0. For k=2, there is a gap 8t-—3m 
from 5m—4t to 2m-+4t. It exceeds ¢ if ¢ > 3v and exceeds ¢+1 if 
t>6v540. Henceforth let ¢ S 3v. 

Let u== 2, k =3. The only possible entry between p= 12m + 3¢-and 
o=10m + 9 is r= 15m— 3t. If 5v = 2t, then r =o and the gap from 
p to o is 2t—2v, which exceeds ¢ when t>2v. But if 5uv < 2t, the 
gap from p tor is 3v=t. When 3v—t, then m= ‘v and there is a gap 
4y > t from 14m + 2¢ to 12m-+ 8¢. Finally, let {= 2v. The only possible 
entry between «—16m-+11t and B=1%m+10t is y=19m-+ 3t. If 
3v S 2t, then y =< and there is a gap B—a—t+u>t. But if 3v > 2t, 
the gap from y to B is 3¢ — 2v > 7. 

Let u=2,k =4. If 2¢ > 3v, there is a gap 3¢ — 3v > ¢ from 22m-+2¢ 
to19m-+11¢. Hence let 2¢= 3v. If also 4v S 3¢, there isa gap 3u—t=t 
from 23m + 11t=—8 to 26m-+ 4¢—ec. But if 4v > 3t, 27m lies between § 
and ¢«, while e— 27m —=2t—-v >7¢. There remains only the case 3v = 2¢. 
There is always a gap 2v from 40m -+ 14t to 42m-+10¢. Here 2v >t. 
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26. THEOREM 23. If t—1,k >0,m=2, 3 + es ts equal to or greater 
than the minimum s -+ es fors=4 except possibly when m= 4, k > 9, and 
when m = 3, k > 14. 


We employ gaps noted at the beginning of §25. If m=%,3+A—1 
= m — 2 is the minimum M in Theorem 14. If m=6,3 + D—1—5—=M. 
The same holds also if m5, k—1. But if m=5, k2=2,3+C—1 
=4=WM. If m=3 or 4,k=—1, 3+ #F—1=52M. If m=3 or 4, 
k = 2, it suffices to exhibit a gap 2, whence 3+¢e¢,=4—M. For m=4, 
this was done up to k = 9 in § 25, case u—4. For m = 3, there is a gap 2 
beginning with 32 if k—2 or 3, 112 if k—=4, 134 if k=—5 or 6, 449 if 
k=" or 8, 1562 if 9k X13. 


2”. THrorem 24. If* k=—1, 2, 3, 4, m= 2t, 2+ e2 1s equal to or 
greater than the minimum M of s+e, fors=4. 


Consider a table R, of sums by two of values of f(e—k). In both RB, 
and R, there is a gap from a—39m+12¢ to B—=42m-+13¢ and 
2+ .#,(8B—1)=3m+t+1=2M by Theorems 13, 14, 17, 18. In both 
Rs; and R, there is a gap from « to y = 42m + 6t, and g=2-+ L£.(y—1) 
=3m—6t+1. If m=3t, then g=M. If t=1, m=2, then g=—1; 
but there is a gap from 5 to 8 in a table of sums of two squares, whence 





* Also if k = 5, except possibly when ¢ > 1, m< 3¢. 
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2+ H,(7) =4=M. In R,, the new entry 43m + 3¢ is = y if m= 3¢ and 
then g= M. 

For k =1, 2, 3, 4, and mS 6t, there is a gap from 115m + 20¢ to 
8 = 120m + 16¢ and 2+ E,(8—1) =5m—4t+12>¢+4+4. 


28. Preliminary on k > 0, m < 2t. The first remark in § 10 yields 
THEOREM 25. If k>0, m=t, s=3, then es =t—1. 


Since k > 0, we have m=t by §2. Hence it remains to treat only the 
case m >t. It will greatly facilitate the discussion to write m —t -+ q and 
employ the parameters ¢ and q instead of ¢ and m. We have 0<q<it. 
While the values = 2 of k may be treated together (in Part IV), a separate 
discussion is necessary for k = 1. 


Part III. Tue Cask k=1, m—=t+9,0<q < t, §§ 29-82. 


29. THerorEM 26. If t=3q,e;—q—1l1. If tS (s—1)q, s26, 
és =q—1. 


No smaller e, will serve since (35) implies that no value of f(#—1) 
lies between 0 and g = f(—1). 

We can find a small value of FR in (37) which is congruent modulo m to 
any assigned integer. 

If s = 5, we employ the values {== — q, m + 2¢==— 2q (mod m), 0, q 
of f(x—1). Adding 0, 1,---, qg—1 to each, we get 4g = m integers R 
congruent modulo m to the consecutive integers from —2q to 2qg—1 in- 
clusive. The maximum such RF is m + 2¢-+ q—1. 

If s=6, we add 0, 1,::-, gq—1 to #, 2%, ¢+m+2t, 0, q,°°°, 
(s—4)q and get sq = m integers RF congruent modulo m to the consecutive 
integers from — 3q to (s—3)q—1. The maximum such Ff is the greater 
of m + 3¢ + q—1 and (s—3)q—1. 

We choose F so that A = N — RP is congruent to 4C + tb, whence (44) 
determines an integer (a— 3b) /2. Since n < 0, F in (24) is positive for 
every D. Take A=4m—2t. Then (43) holds since (m—t)* + 37> 0. 
It remains only to examine integers less than the sum of 4m — 2¢ and the 
preceding maximum Ff. If s =] 5, they are less than the greater of 6¢ + 6g—1 


and 2¢-+ (s+1)q—1. 
We obtain overlapping sets of consecutive integers if we add 0,1,:--, 
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q—1 to the following seven groups of sums of s of 0, q, t, x—=m-- 2t 
= 3t-+q: 
jt, jtt+g-++, jt+(s—2)q (j= 0, 1, 2); 
3t,n,Kk+Q**', «+ (s—1)q; 
ketteweti+tg@::-:, «ttt (s—2)q; 
e+ 2t,ne+2i+q,°°°, «+2t+ (s—3)q; 
6t (if s > 5), «+ 3b, 2x, 2 + q, 2K + 2q, 2% + 3g. 


30. THEOREM 27. Ifk—1,m=t+4,0<q<t, then es; —=t—2q—1 
for t = 3q, ¢,- = t—(s—2)q—1 fort =(s—1)q,8sZ6. 


No smaller value of e, will serve. For, if s=6, no sum of s values of 
f(wt—1) lies between p= 2¢ + (s—2)q and 3t. In fact, 0, g, ¢ are the 
only values of f less than 3¢. But if we use a single ¢, the maximum sum is 
t+ (s—1)q <p, and sg<p. Next, if s=5, no sum of s values lies be- 
tween 5¢ -+ 3q and 6¢-++q. The values not too large are 0, g, t, x= 34+ q. 
The sum 2x is too large. The case of a single summand x is excluded, since 
no sum by four of 0, q, ¢ lies between 2¢ + 2q and 3¢. Finally, if « is not 
used, the maximum sum 5¢ is too small. 

We can find a small value of # in (37) which is congruent modulo m to 
any assigned integer. 

If s = 5, we add 0, 1,- - -, es to g, and add only 0, 1,---,@a—1lSe; 
to 0, t==— q, m+ 2¢==— 2q (mod m). We get m=—t-+q integers R 
congruent modulo m to the consecutive integers from —2q to t--—q--1 
inclusive. The maximum such Ff is m + 2¢-+q—1. 

If s=6, we add 0, 1,---, es to (s—4)q, but add only 0, 1,:°-, 
gq—1Se, to t, 2t, ¢-+ m- 2t, 0, 9g,°:°-, (s—5)g. We get m=-t+q 
integers R congruent modulo m to the consecutive integers from —3q to 
t— 2q—1 inclusive. The maximum such F# is p=m-+ 3t+q—1. 

We proceed as in § 29. It remains to examine integers < 4m — 2t + p 
=o. We employ the seven groups of sums of s values of f(x—1) given at 
the end of § 29. To the final entry in each group except the last, we add 
0, 1,:-° +, es; to all remaining entries we add only 0,1,-:-,q—1. We 
obtain seven overlapping sets of consecutive integers which include 0, 1,°-:-, 
o = 6 + 6q¢—1. 


31. THEOREM 28. For k=—1,m=—t+q,0<q<t, write L for the 
least s+ es whens=5. When g=—1, L=t+1 if t=5 (given by s—6, 
Y'',ort +1), L=t+2ift—3o0r4(s=5), L=5 if t=2 (s=—5). 
When q>1, write t=—pq+p,0Sp<q. Then L=q+q-+1 if p=4 
or if p=5,p >0 (s=p+2); L=—pt+gq if p25, p=0 (s=p+)); 
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L=q+5 if p=3, p>0 (s=6); L=q+4 if p=3, p=0, or if p=1 
or 2 (s=5). 


The proof by means of Theorems 26 and 27 is similar to that in §§ 7, 15. 
We next seek the cases in which 4+ e, < L. 


THEOREM 29. With the notations of Theorem 28, we have 4+e,=L 
if t > 2q, but a= gq—1,4+e—L—1, if 2¢S 4¢q S 3¢ and doubtless if 
merely t S 2q, with certainty for integers S 473t + 427¢. 

In a Table 7, of sums by four of values of f(a—1), there is a gap from 
5t + 2q to 6¢ + g, and A=4-+ H,(6¢ + q—1) =t—q+3. 

First, let t = 2q, whence m = 3q, f(x) = q- e(x), where e(xz) = p;(—*) 
is an extended pentagonal number. By Bulletin, III, every integer = 0 is a 
sum of four numbers chosen from 1 and values of e(z). Hence every mul- 
tiple of g is a sum of four numbers chosen from g =f (—1) and values of 
f(z). Hence eg—gq—1. 

Second, lett >2q. Ifqgq=1,A=t+2=2L. Next, let g >1, whence 
p=2in Theorem 28. Then 


A— (p+q+1) =(p—2)(q—1) +p=0. 


Hence if p=0,A—(p+q)>0. If p=—3,p>0,A—L=—=p+q—2>0. 
If p=3, p=0,A—L=q—1>0. Finally, if p= 2, then p>0,A—LD 
=p—1=20. In all these cases, A= L. 

Third, let¢< 2g. Thent=—q+p,0<p<gq. By (39), n——4q—-+, 
C=—gq. Then 


U = 24mD — 48qp — 15p?, 
V = 2mD + 129? + 6gp + p? +49 + 2p. 


(I) Let g=2p. We shall prove that e, —g—1. Write [7] for the set 
pjg+1,°°+,j+q—1. Forb=—£, B+2,8+4, 8+6, and r=@, 1, 
*, g—1, the values of b¢-+r are congruent modulo m to Bt plus the 
numbers in the overlapping sets [0], [p], [2p], [8p], since 2¢=p. The 
largest number of the last set is 30 -+q—l =m—1. Since the four sets 
include a complete set of residues modulo m, we have d= 8. Then 


P=24¢+13p, W—3mD— 72q? — 84qp — 23’, 


F = m’?D*? — 960mq?D — 1056mgqpD — 288mp?D + 16mqD + 8mpD 


+ 230494 + 74889%p + 7668q"p? — 7689 — 1344q2p ++ 3162gp° 
— 756qp? + 456p* — 138p° + 649? + 64gp + 16p. 
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The terms involving D suggest the substitution 
mD = 960q? + 1056p + 288p? — 16q — 8p — p. 


Multiply this by mD and make the same substitution in pmD. Write 
p=29¢° + y9p + 2p. In F the coefficients of the terms of degree 4 in q 
and p are now all positive and small if r—2,y—5,z—1. Then 


F = 169p* + 676qp* + 8819’? + 596q°p + 388g* — 7369? — 12489"p 
: == 700gp? — 130p*. 


If p=1, theng=2,F>0. Ifp=2, the term involving g‘p/ is numerically 
less than that involving q‘p’*! for 1,7 = 0, 1, 2, 3, whence F > 0. Division of 
mD by m = 2q + p yields the remainder — 2qp and quotient 479q-+-287p—8. 
Since A= D-+ 49g, F > 0 if 


A = 483q + 28%p + 20(q— p) = 503q + 26%p. 


To this point in table 7, the gaps were verified to be S q. 

(II) Let 33=q>2p. Is e,—gq—1? The use of the further value 
b—£- 8 and hence the set [4p] gives d—10 as in (I). Also the method 
of § 21 yields d=10. We find that 


F = m?D? — 1744mq?D — 1868mqpD — 498mp*D + 16mqD + 8mpD 
+ 108169* + 27616q*p + 24856q7p? + 1311p* + 9498qp* 
— 1664g* — 27209?p — 1460gp? — 258p? + w?, w= 8q + 4p. 


Proceeding as in (I), we get r—6, y=9, z= 2, and find that F>0 if 
D= 869q+496p. But A—=D-+4g. Thus F>0 if 


A = 873q + 496p + 15(q — 2p) = 888q + 466p. 


To this point (and on to 900g + 473p), it was verified that all gaps in 7, 
are = q when pq. 


(III) Let g> 3p. Since the preceding verification becomes nearly 
automatic for large numbers, it is highly probable that eg, —q—-1. Proof 
would be long since d = 12 by either method. 


32. TuHeoremM 30. If k=1, m=t+q,0<q<t, both 3+, and 
2+ e, are = L of Theorem 28. 


In a table of sums by three of values of f(x—1), there is a gap from 
5t+q to «—6¢-+ 2g, and 3+ #;(¢a—1)=t+q+2=L in all cases. 
In a table of sums by two, there is a gap from 4¢-+ q to a, and 2 + E,(a—1) 
= 2¢-+9q-+1, which exceeds ¢-+q+2=U. 
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Corotuary. If t > 2q, the minimum of all s+ e, for s=1 is L of 
Theorem 28 and ts given by a value =5 of s. But if t= 2q, the minimum is 


4+e=—q+3. 


PartIV. Tue Caszk>2,m=t+ 9,0 <q <t, §§ 33-41. 
33. THEOREM 31. If s=5, tS (s+1)q, then es =—q—1. 


No smaller e, will serve since no value of f(—) lies between 0 and q. 
For, if p> 2, f(— p) exceeds «= f(— 2) = 3m — 2¢ = 7 + 34. 
There exists a small value of RF in (37) which is congruent modulo m 


to any assigned integer. 
If s = 5, we employ the following values of f(a —k): 


(53) e= 2q, q, 0, t=— g, m+ 2 =— 2q, 
3m -+ 3t =— 3q, 6m + 4¢==— 4q (mod m). 


Adding 0, 1,- - -, g—1 to each, we get 7g = m integers RF which are con- 
gruent modulo m to the consecutive integers from —4q to 3g —1 inclusive. 
The maximum such # is 6m + 4¢ + q—1. 

If s=6, we employ 


te + (s—6)q= (s—2)q, e+ (s—5)q= (s—3)q, (s—4)q° °°, 
(54) q, 0, t==— q, 2AE=— 2g, t+ (m+ 2) =—3q (mod m). 


Adding 0, 1,: - -, g—1 to each, we get (s+ 2)q =m integers R which are 
congruent modulo m to the consecutive integers from — 3q to (s—1)q—1 
inclusive. The maximum such fF is the greater of 2¢-+ (s-+1)q—1 and 


m + 8t + q—1. 
First, let hk = 2. Then 
(55) n=2t—im, C=3m—2t, A=D-+4C. 


We employ a single odd 6 and apply §4 with d=2, e,—0. Then P 
is negative, and only the minor conditions are to be satisfied. We have 


16V —U = 8mA + 151m? — 100mt + 28¢? — 32me, > 0, 
for every A420. Here (14) becomes 


3A = 23m — 8t—4t?/m, 


which holds if A = 8m — 3t. Then 
U = 24mA + 36¢? + 36mt — 135m? > 0. 
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It remains only to examine the integers less than the sum of 8m— 3¢ 
and the preceding maximum Rf. For s = 5, these are less than the greater 
of 15¢t + 15g—1 and %¢-+ (s+ 9)q—1. The left column of the following 
table contains only sums of s values of f(t— 2). Consecutive entries in any 
line differ by g. To each entry we add 0, 1,::-+, q—1. We therefore 
obtain a set of consecutive integers terminating with M—141, where M is 
listed in the right column in a relation M = Q found by use of (s+ 1)q=t. 
Since Q is the first entry of the next line of the first column, the sets of con- 
secutive integers overlap, and hence together include all integers from 0 to 








15¢ + 15q —1. 


0, 4g, ° ‘* , &Y 
t,tt+tq, t+2q,e+j9 (j=0,--+,s—38) 
2t, 2¢+g,2%+2,t+e+J9 
3t, 3t + qg, 3t + 2q, %+e+Jq 
4t,x-+t-+ lq (1L=0,1,2),€+«+ jg 
c+ 2+ 1g,t+e+ «+ JY 
x + 3t, 2x,A + pq (p—0,°°-,s—1) 
Wme+t+LAt+titIlgge+A+uq (u=0,°::, s—2) 
A+ 2+ 9,A+4+ %+2e+A+t+ 99 
ep el ee dae 
Re+ +t, %+A+¢t+wq (w—0,°:-, s—4) 
k+A+t+qu+ pq 
k+A+ 2t+9q, wp +t+ ug 
4x, 4x + q, 21+ uq 
4x +t, %+A+t%e+A+i+q, «+pt+uq 
ene ar (z= 0,1), 
ktptttqte, ete+u+i9 
k + 24 + lq, v + pq 





(s+1)q2t 

t +(s+1)q = 2t 
2t +(s+1)q = 3t 
3t +(s+1)q = 4¢ 
4t +(s+2)q = dt-+q 
bt +(s+2)q = 6t+q 
6t +(s+3)q = Tt+2q 
vt +(s+5)q = 8t-+4q 
8t +(s+4)q = 9t+3q 


9¢ +(s+6)q = 10t-+5q 
10¢ +(s+6)q = 11t+5¢ 
11¢ +(s+5)q = 12¢+-4q 
12t +(s+5)q = 13¢+-4q 
13¢ +(s+6)q = 14t-+5q 
14¢ +(s+8)q = 15t+%q 


15t +(s+10)q = 16¢+9¢ 


The case k > 2 of Theorem 31 is a corollary to the case k = 2. 
34. THrorEM 32. If k=2, m=ti+q, 0<q<it, t= (s+1)q, 


s = 5, then es = t—sq—1l. 


No smaller value of es will serve. For, 0 and q are the only values < ¢ 
of f(z—sk), whence no sum of s values lies between sq and t. 

If s=5, add 0, 1,:* -, e; to the first number e in (53), but add only 
0,1,: --,qg—1Se, to the others. We get ¢-+ q =m integers R which are 
congruent modulo m to the consecutive integers from —4q to t—3q—1 


inclusive. The maximum such Ff is 6m- 4¢-+ q—1. 


If s=6, we proceed similarly with (54) instead of (53), and get 
¢-++q=—m integers R which are congruent modulo m to the consecutive 
integers from —3q to —2q—1 inclusive. The maximum such PF is 


m -+- 3¢-+-q—1. 
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As in § 33, it remains only to examine the integers less than the sum 
15¢ + 15g —1 of 8m— 3¢ and the larger of the preceding maxima. We 
employ the left column of the table in § 33. We now add 0, 1,-- -, és to the 
last entry of each line and obtain Q —1, where Q is the second member of the 
inequality in the right column. 


385. THEOREM 33. Whenk=2,m=—t+ 4,0<q< t, write L for the 
least s-+-e, fors=5. Wheng=—1,L=—t—1 14 tZ6 (gwen by s=5, 6, 

-, or t—1); L=5 tf t=2, 3, 4, or 5 (s=5). When g>1, write 
t=pqt+p, 0OSp<q. Then L=p+q—1 tf p=6, p=1 (s—p); 
L=p+q—2 if p=6, p=0 (s—p—1); L=q+4 tf 15p55 
(s= 5). 

This follows from Theorems 31 and 32. 


36. THrorem 34. If g=1,4+e,< L only whenk = 2, t= 2 or 3, 
and when k = 3, t= 4, and then 4+e,=—=4=—=LZ—1. 


Here t= m—1, f(x) =e(x) = 4m(z? + 27)—~z is an extended poly- 
gonal number. By Bulletin, III, when k—=2, eg, —=t—i if (=V%, eg—2 
if t= 6, eg = 1 if t= 4 or 5, eg, = 0 if ¢—2 or 3; when k =3, eg = t—5 
if => 6, e,—1if t—5, eg —0 if ¢ —2, 3, 4. 


3%. THrorEM 35. When m=t+q,1<q<t, thn 4+a4=L tf 
p=5,k 22; and if k =2, p—4, or p=3,p>0. But if t—3¢,k 22, 
&=gq—l. 

In a table 7; of sums by four of values of f(~—s), there is a gap from 
4qtotifp=4. First, let p=6. Then 


wn 4-+-E,(t—1) —99 + p—4q +3 


exceeds L by (p—5)(q—1) +8> 0, where = p—1 if p=1, but 5=0 
if p=0. Second, let p—5. Then A—L—p—1. But if p—5, p=0, 
then ¢ = 5q, f(x) =q-e(x), for e(x) as in § 36 with m =—6, whence its 
é, is 1. In other words, a table of sums by four of values of e(a—k) has 
the maximum gap 2 if k=2. Hence T; has the maximum gap 2q. Thus, 
for f(t¢—k), eg = 2q—1,4+4,>L. 

In the following table 7, the terms free of ¢ are to be multiplied by q: 


0—4; t-+0—6; 2¢-+0—8; 3¢-+0—4, 6, 7, 9, 10; 4¢-0—6, 9, 12; 
St+1, 2, 4, 5,7, 8; 6t-+1—7, 10; 74+2—8; 8t+2—10; 9¢+3—6, 9, 12; 
10t+3—9; 11#+4, 6—11; 12¢+4—10, 12, 13; 13¢-+5—10, 12, 15; 

14¢-+6—12; 15¢+6—8, 10—13; 16¢+-7—15. 
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All entries zt +-yq with x= 17 have y= 8 and exceed z = 15¢ + 10q since 
t>4q. 

If p=4, & =2, there is a gap from 5¢-+ 2q to y= 5t-+ 4q, and 
4+ #,(y—1)—2¢+3>L. If p=38, k=—2, there is a gap from 
14¢-+12q to z, and 4+ #,(z—1)=q+p+3=L if p>0O. But if 
p= 0, then t= 3q and f(x) —q-e(z), with m=4 in the e(x) of § 36. 
Since every integer = 0 is a sum of four values of e(2—k), every multiple 
of q is a sum of four values of f(«—k), whence eg —q—1. 


38. THEOREM 36. Let m=t+q, t=pq+p>q, p=1 or 2, 
0OSp<qgk2=2 Then eg=—gq—l. 

No smaller e, will serve since there is a gap from 0 tog. If p—1 or if 
p = 2, p=0, then ¢ S 2q and the theorem is a corollary to Theorem 29. 

Let p=2, p >0, kK =2. We have (55). Thus 


n=—llq—3p, U = 24mD + 585q? + 282qp + 33)’, 
C—5g+p, V—2mD + 115q? + 64gp + 9p? + 6g + 2p. 


We obtain the smaller d by the method of §21. We employ only b= 8, 

- +, 8+ 7 and hence suppress the final pair in (46) and the final set in 

(50) and (51). When B=1 (mod 4), there are two cases. If 2p =q, the 
sets 


[0], [6¢ — 4m] se [2p], [2¢ — m] = Lp +> q]; [t] = [e+ 2q], [m] De [p = 3q], 
[3t — m] = [2p + 3q], [2¢] = [2p + 4¢], [5¢— 2m] = [3p + 4], 
[4t —m] = [3p + 5q] 


overlap and terminate with 3p + 6g —1 > 2m—1. But if 2p > q, we insert 
[vt — 5m] = [2p—q] after [0]. If B=3 (mod 4), the sets 


[0], [3¢ — 2m] = [p], [2t—m] = [e+ q]; [5¢ — 3m] _ [2p + q]; 
[4t —2m] = [2p +29], [7t—4m] — [8p + 24], 
[6 — 8m] = [3p + 3g], [2¢] = [29+ 4g], [¢+ m] = [2% + 5g] 


overlap and terminate with 2p + 6g—2m—1. If B=0 (mod 4), the set 
[4t — m] = [8p + 5q] terminates with 3p + 6g —1=p—1 (mod 2m) and 
includes 0, 1,-- +, p—1. We employ these and 


[34 — 2m] = [p], [64 —4m] = [2p], [5¢— 3m] = [2p + q], 
[¢] = [p + 2q], [m] = [p+ 3q], [8 —m] = [2p + 39], 
[2¢] = [2p + 49], [t+ m] = [2% + 5g], 
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which overlap and terminate with 2m—1. If B=2 (mod 4), the sets 





[0], [82m] = [p], [24m] =[p+q], [5t—3m] = [2+ q], 
[4t— 2m] = [2p + 2g], [3{—m] = [2p + 3g], 
[6t—3m]—[3p + 3g], [5¢— 2m] — [3p + 4g], [¢ + m] — [2p+5q] 


overlap and terminate with 2m—1. Hence d=8 in every case. Then 


P=31q+11p, W—=3mD— 4%q? — 50gp — 11p?, 
F = m?D* — 1368mq?D — 1008mgqpD — 184mp*D + 24mqD + 8mpD 
— 337869q* — 41322q°p — 18462q7p? — 3558qp* — 248p* 
+ 882q° + 47497 + 30qp? — 10p* + w?, w=12¢q + 4p. 


Proceeding as in (I) of § 31, we get r= 25, y= 11, 2 = 2, 


F = 1039q* — 524q°p + 1839p? + 526qp* + 124p* 
+ 2829° + 1097p — 106qp? — 26p? + w? > 0. 


Hence F > 0 if mD = 1393q? + 1019gp + 186p? — 24q — 8p, and hence if 
D = 465q + 186p. Adding 4C = 20q + 4p, we get F > 0 if 


A = 485q + 190p + 15(q¢—p) = 500g + 1775p. 
It was verified that all gaps are = q in T, to this point. 


39. Case p=3. First, let k=3. We use the following part of table 
T; of sums by four of values of f(a — 3): 


48t-+31—45 ; 49¢-+-32—38, 40—43, 45, 46; 50¢-+32—40, 42, 43, 45, 48; 
51t-+33—36, 38—44, 48, 49; 52¢-1+34—43, 46, 48, 51; 


in which terms free of ¢ are to be multiplied by g. All entries gt + hq with 
g < 48 have h= 43 except 45¢-+ 46q, and all such are < «= 50% + 409. 
To show that y —49¢ + 45q is the only possible entry between « and §= 
52¢t-+ 34g, note that 481+ 45¢<a, 491+ 438g, 49¢-+ 469q > 8, 
50t + 42q > 8, 51¢-+ 36q < a, 51¢+38¢ >. All entries gi+hq with 
g = 53 have h =} 36 and exceed 6. 

If 2q < 3p, then y < 8 and there is a gap 2g—p >qfromatoy. But 
if 2qg =} 3p, the gap is from «@ to 6 and is 2p. 

Hence there remains only the case 2p S q. We shall prove that e, = q—1. 
The use of only odd values of b yields too large a value of d. We obtain the 
small value d= 9 by using the same sets as in § 21, but expressed in terms 


of g and p. 
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B=1 (mod 4): [0], a= [8t—6m] = [2p], b= [7t— 5m] = [2p + q], 
c= [2¢—m] = [p+ 2q], [¢], [m], f= [8t— 5m] = [3p + 4q], 
= [3t — m] = [2p + 5q], h = [2¢] = [2p + 64], 
t= [6¢ —3m] = [3p + 6q], 7 = [5¢ — 2m] = [3p + 7q]. 
] B=8(mod4): [0], a, k= [3t—2m] = [p+q], ¢, l= [6t—4m] 
= [2p + 2q], p= [5t— 3m] = [2p + 3g], r= [4¢—2m] = [2p+49), 
f, oan [Vi — 4m] = [3p + 5q], h,u=[t+m]= [2p + 7q). 
B=0(mod4): j, v= [4t—3m] = [p], k, 6, 1, p, [m], f, g, h, u. 


B=2 (mod 4): [0], a, k, c, [t], p, 7, 9, 8, 4 U 





























In each case the sets overlap, terminate with a number = 2m — 1, and hence 
include a complete set of residues modulo 2m. 

In view of its application below, we shall prove that #,(A) =q—1 
when 2p > q for every A not between the above « and 6. If 8=1 (mod 4), 
insert the sets v = [p] and r after [0] and [m] respectively. If 8 =3 (mod 4), 
insert only v. If B==0 (mod 4), insert only r. In these three cases, the 
use of nine consecutive values of b leads to a complete set of residues modulo 
2m. But this fails if B==2 (mod 4), since the only available sets not used 
above are j and b, neither of which contains any one of the now missing 
; numbers between g—1 and 2. All of the latter occur in the new set 
[9t — %m] = [2p—q] obtained from the new value B+ 9 of 6. Hence we 
may take d = 10 in all cases.* 

By taking d = 10, we may treat together the above two cases 2p S q and 
2p >q. We shall find a limit on A beyond which e,(A)—q—1. For 
k=p=3, eg = q—1, we have 


n=—22q— 5p, U=24mD + 3108? + 1380gqp + 153p?, 
C= 15g + 3p, V—=2mD + 476g? + 218qp + 25p? + 8q + 2p, | 
P=50qg+13p, W—=3mD + 76g? + 10qp — 2p, if 
F = m?D? — 3248mq?D — 1748mqpD — 234mp?D + 32mqD + 8mpD il 
— 4226249 — 4174489%p — 153764q2p? — 25038qp* — 1521p* i 
+ 8032g* + 5240g2p + 1120gqp? + 78p° + w?, w—=16q + 4p. I 


Write mD = 3248q? + 1748qp + 234p?— 2w + p. Multiply this by mD and 
make the same replacement in pmD. Take p—2q?+ yqp+ 2p’. In F the 
coefficients of the terms of degree 4 in g and p are small and positive if = 126, 
y=57,2—%. Then 











* No improvement results by working modulo 8m. 
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F = 2500q* + 2300g%p + 3105g%p? + 1334qp* + 166p4 
+ 40009* + 2408q7p + 440qp” + 22p* + w’. 
Hence F > 0 if mD =] 3374q? + 1805qp + 241p?. Division by m= 4q +p 


yields the remainder — 2q* — 3qp and quotient 844q + 241p. But A—D-+-4@. 
Hence F > 0 if 












A = 904g + 2538p + 15(q¢ —p) = 9199 + 238p. 























To this entry of 7; the gaps are =q except between a and 8 This 
proves the above statements. 
For k = 4, we annex to 7; the sum 





50t + 41g = t + 6t + 10g + 15¢ + 10g + 28¢ + 219 


of four values of f(~— 4). Now the gaps are Sq between a and 8. Hence 
the above statements imply e, = q —1. 


THEOREM 37. Let m=t+q,t—3q+p,0<p<q. If k=38 and 
2p >q, thn 4+ea=2L. If k=3 and Sq, then eg, —q—1, 4+ 6, 
= [L—1. The latter holds always if k = 4. 


40. Case p—4. First, let k—3. From 7’; we need 


12t-+4—16, 19, 24; 13¢+5—10, 12—14, 15, 18; 14¢+6—13, 15, 16; 
15t-+6—8, 10—13, 15, 16, 18, 21; - - - ; 23¢-+12—16, 18, 19, 21, 22; 
24t-+12—24, 28; 25¢-+13, 14, 16—22, 24, 25; 26¢+14—17, 19—22, 24, 27. 


and the following facts. The only entries zt + yq with  < 12, y > 18 are 
9¢-+19q and 10¢+ 21q, both < a—13¢+ 18g. All entries with a> 15 
have y=7 and exceed B—15¢+ 10g. All with eS 22 have y= 25 and 
are << § = 25¢ + 22¢. All with 2 => 27 have y = 15 and are = « = 26¢-++19q. 
Hence the only possible entry between « and B is y = 12¢-+ 249. If 2q < 3p, 
then y < 8 and there is a gap 2g -—p >q from «@ to y. Hence let 2¢ = 3p. 
Then there is a gap 2p from « to 8B. Hence let 2e=q. Then there is a gap 
g+p from 8toe. But if p—0, then t= 49, m= 5q, and, as at the end of 
§ 37 with m = 5 instead of m = 4, we have e, = q—1. 
Next, let k = 4. From 7, we need 





68t-+-47, 49—59, 61, 62, 65, 68; 69t-+48—50, 52—58, 60—65; 
Y0t-+49—53, 55—57, 59-62, 64-66, 71; 


and the facts that every entry at+yq with e<67 has y= 66 and is 
= ¢ = 69¢ + 58q, while every one with x= 71 has y= 50 and is 2y= 
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%1t-+ 50g. Hence there is a gap* 2p irom ¢ to y. But if 2p=q, it was 
verified that all gaps are =q to 200¢-+ 185g. Then an attempt to prove 
that e, = q—1 leads to d= 16 by use of b= B+ j, j=0, 10, 4, 14, 8, 2, 
12,6. The method of § 21 gives the same d. But the limit for A would ke 
very large. 

Finally, if k=5 and. 2p>q, there is a gap 2p from 85¢-+ 7%4q to 


svt + 66¢. 


THEOREM 38. Let m=t+q, t—4q+p, OSp<q. If k=8, 
€s= q Or ee =q—laccordingasp>0orp=0. Ifk=—4o0r5,e,=q when 
2p > q, but when 2p = q, E,4(A) = g —1 at least for A = 200¢ + 185g. 

Theorems 35-38 may be combined into 


THEOREM 39. Let k=2, m=t+q,1<q<t. Then eg—q—1 if 
and only tf k= 2, tS 3q; k=3, %kS%q or t—4q; k —4 or 5, 2WLIMq; 
k=6, t= 4g, but with no conclusion when 4q<t< 5g. In all further 
cases (including t= 5q if k=6),4+¢e,=L of Theorem 33. 


41. Tueorem 40. If k—2,3 0r4,m=—q+t,0<q<t, then2?+e, 
exceeds L of Theorem 33. 


If k = 2, there is a gap r = 2¢ + 3q from 13¢ + Yq to 15¢-+ 10g. Then 
2+ H#,=7r+1. Ifg=—1,7,+1>L. Letg>1. Since 


t+ 1—(p + 9—1) = (p+ 2)(g—1) +44 2% > 0, 


the theorem follows if p=6. Alsor+1>q-+4. 
If k = 38, there is a gap 3¢ + 3q >7 from 73t + 5%q to 76¢ + 60g. If 
k = 4, there is a gap r from 133¢ + 112q to 135¢ + 115g. 


THEOREM 41. If k=2 or 3, m=q+t, then 3+, is equal to or 
greater than the least s +e, for s = 4. 


First, let k= 2. There is a gap from 20¢-+13q to 21¢-+12q and 
o=—3+F,=t—q+2 If q—1, t24,c0Z=[L. If q—=1, t=3, then 
o=4—4-+¢, by Theorem 34. If g=—1, t=—2, there is a gap from 
17t + 16g = 59 to 19¢ + 14q = 52 and 3+ #,(51) —=4—4-+e, Hence- 
forth, letg >1. Since 


o—(p+q—1) = (p—2)(q—1) +e +1, 
o—(qg+4) = q(p—2) +p—2, 





* If 3p > 2q, the earliest gap > q is somewhere between 40¢ + 43q and 42t + 35g. 
This holds also if k = 5. 
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o=L unless p=1or2 Lett=—gq+p,0<p<q. Then C = 28t-+ 219 
is the only possible entry between A = 28¢-+ 18q and B= 30¢+18q. If 
qg=2p, then C=>B and there is a gap 2¢ from A to B, while 3+ F#, 
=21+2=2q+4. But if ¢ < 2p, the gap is from A to C, and 3+ F, 
=3¢+2=2q+4. Finally, let ¢=2¢+ p. Then y—19¢-+ 11g is the 
only possible entry between «—17¢-+ 16g and B=19t-+ 149. According 
as gq => 2p or q < 2p, there is a gap 2q + 2p from «2 to B or 3q from y to £, 
and these gaps are the same as before. 

Second, let k= 3. For every & there is a gap from 3q to ¢ if t > 3q. 
Write «=3+ #7, =—t—3q+2 If q=—1, (26, thn e—=L. If g>], 
p=65, then «=U since e— (p+ q—1) = (p—4)(g—1) +p—121 
for p=6. 

When 3q St S 5g, there is a gap 6g —¢t from 52¢ + 42q to 51¢-+ 489. 
Write ¢ for 3-++ #; = 6qg—i+2 Ifq—1,t=—3 or 4, eg —0 by Theorem 
34 and ¢ = 8 —¢ = 4+ a, while if ¢ = 5 there is a gap 3 from 3¢ + 3q¢q = 18 
to 3f-+ 6g = 21 and 3+2—L. Next, let g>1. Since p<i,t< dq. 
Hence ¢ = q + 4 unless 5g = ¢-+ 1, and then there is a gap 2q from 2¢+ q 
to 2¢ + 3q, while 2+ 2g=q+4. 

Let t=2g +p, OS p<q. Then y=19¢-+11¢q is the only possible 
entry between a—17¢-+16¢ and '=18t+16q. If q=2p, then ySoa 
and there is a gap from «tod Then 3+ #;=—t+2=2¢q-+ 4 unless p= 0. 
But for t= 2q, eg —=q—landt+2=24+¢e, But if q < 2p, there is a 
gap 5g—t from y to § and 3+ #;=—3q¢—p+2=q+4. 

There remains only the case t=q+p,0<p<q. Then e,—q—1 
and K —51t + 48q is the only possible entry between G = 55 + 39q and 
H = id6t+ 40g. If 3g 2 5p, then K =H and the gap is from G to H, 
while 3-++ 7; =2+2qq+tp=24+e,. But if 3q < 5p, there is a gap from 
G to K and 3+ #;=2-+ 5g—4p 24+ €4. 

We do not investigate the case k = 4, not having a table of sums by three 
expressed in terms of q and p. 




















Démonstration de Quelques Proprietés des 
Ensembles Abstraits. 


Par MAvRICE FRECHET. 





Introduction. Dans mon livre sous presse: Les Espaces Abstratts et leur 
Théorie considérée comme Introduction a l Analyse Générale * je n’ai donné 
qu’un petit nombre des démonstrations, me contentant souvent de renvoyer 
aux différents mémoires ot les démonstrations utilisées avaient été publiées. 
Cependant, parmi les propriétés citées dans mon livre, quelques unes étaient 
inédites, d’autres avaient été énoncées sans démonstration par certains auteurs, 
enfin plusieurs de ces propriétés n’avaient été démontrées que dans des cas 
particuliers. On trouvera ici les démonstrations de plusieurs de ces pro- 
priétés. Pour chacune d’elles, j’indiquerai entre parenthéses la page corre- 
spondante de mon livre (approximativement d’aprés la pagination du 
manuscrit). 

La terminologie sera celle qui a été adoptée dans mon livre.+ Les réfé- 
rences bibliographiques seront indiquées par les chiffres en caractéres gras, qui 
correspondent aux numéros figurant dans la liste bibliographique placée a la fin 
de mon livre. 

Le mémoire traite des propriétés des ensembles appartenant: 


1. & un espace (V), page 49; 2. a un espace accessible (H), page 59; 
3. & un espace régulier, page 64; 4. 4 un espace (L), page 64; 
5. 4 un espace (S), page 65; 6. 4 un espace (D), page 66. 


1. Propriétés des ensembles appartenant a un espace (V). 


I. Tout ensemble E compact en soi au sens trés strict posséde la pripriété 
de Borel (page 270). Il s’agit de montrer que si une famile dénombrable F 
d’ensembles J,, I2,°--, In,**+ couvre EF, il en est de méme d’une famille finie f 


convenablement extraite de F. 





*In 8° (25x16) x-+ 300 pages environ, chez Gauthier-Villars, Paris, 1928. 
Ouvrage faisant partie de la “ Collection de monographies sur la Théorie des fonctions ” 
publiée sous la direction d’Emile Borel. 

7+ Ou dans mes derniers mémoires (sensiblement différente par conséquent de celle 
que j’avais d’abord employée dans ma Thése). 
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Nous pourrons employer le mode de raisonnement utilisé par M. Borel 
pour le cas linéaire. 

Ou bien l’ensemble J, couvre a lui seul H, et on peut constituer la famille 
f au moyen de J, seul; ou bien il existe au moins un point a, de # non in- 
térieur 4 J,. Le point a, est intérieur a l’un au moins des ensembles de F; 
soit Jo = In,, le premier d’entre eux, (J, est nécessairement distinct de I,). Ou 
bien, on peut constituer f de J,, Iz, °--, In,, ou bien il existe au moins un 
point a, de # qui n’est intérieur 4 aucun des ensembles [,,°--, Zn, Et ainsi de 
suite; supposons extraite de F une suite d’ensembles In,,°--, In, et une suite 
de points de £ distincts a;, ---, dp, telles que pour k= p, In soit le premier 
des ensembles de la famille F auquel a,_, est intérieur et que a; ne soit inté- 
rieur 4 aucun des ensembles J,, J2,°-+, In,. Ceci a lieu au moins pour p = 2. 
Alors a» est intérieur 4 ’un au moins des ensembles de F ; soit I ny Le premier ; 
on a nécessairement ny < M2 <°*** << Mp < Mx. Ou bien on peut constituer 
f de J;, I2,°++, In, Ou bien, il existe au moins un point de FL, ap, qui 
n’est intérieur 4 aucun de ces derniers ensembles et qui est par suite distinct 
de a,°**, Gp. 

Finalement, ou bien on peut constituer la famille finie f comme il était 
annoncé, ou bien la formation récurrente de la suite des points distincts a. 
a, °** et des ensembles distincts J,, -:-, In, pourrait se poursuivre indé- 
finiment. Mais alors, le sous-ensemble a, + a.-+--: de ensemble FH étant 
infini, il existerait un point x de F dont tout voisinage contient a son intérieut 
une infinité de points a, distincts. Comme z est intérieur 4 l’un au moins 
des ensembles de F, soit J,, il existerait un voisinage de x compris dans J, et, 
par suite, J, comprendrait 4 son intérieur une infinité de points a, distincts. 
Or a, n'vst intérieur 4 aucun ensemble J, tel que r= 7n;; I, ne peut com- 
prendre a son intérieurque les points a, tels que ns < 1, c’est-a-dire seulement 
un nombre fini d’entre eux. 


II. Tout ensemble E possédant la propriété de Borel est compact en sor 
(page 270). Autrement dit, pour tout sous ensemble infini e de Z, il existe 
un point de # dont tout voisinage comprend une infinité de points de e. 

Pour le démontrer, tirons de e une suite infinie, S, de points distincts 
My, A2,°*', An,***. Sil existait un point de # dont tout voisinage comprenne 
une infinité de points de S, les voisinages de ce point comprendraient aussi une 
infinité de points de e et la proposition serait établie. 

Sinon, pour tout 2 de Z#, il existerait un voisinage de x ne comprenant 
qu’un nombre fini de points de 8. Soit e, Vensemble des points x de EL 
dont chacun desquels posséde au moins un voisinage V,“ ne contenant aucun 
des points dn, Qnui,°**. Certains des e, sont peut-étre vides; mais tout x 
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appartient 4 l’un au moins des én. Pour tout é, non vide, on peut former 
un ensemble J,, somme des voisinages V,“ correspondant aux points x de én. 
L’ensemble # est couvert par la famille dénombrable des ensembles Jn. En 
vertu de l’hypothése, il est donc aussi couvert par un nombre fini des Jy. 
Soit r le plus grand des indices de ceux-ci. Le point a, appartenant a H 
appartiendrait 4 un ensemble J, tel que n=r, il appartiendrait done a un 
voisinage V,“ ne comprenant aucun des points Qn, Gnu, °**, Gr, ***. Dot 
la contradiction annoncée. 

Exemple de M. Sierpinski. Nous venons d’obtenir deux conditions, l’une 
suffisante, l’autre nécessaire pour qu’un ensemble ait la propriété de Borel. 
Aucune de ces deux conditions n’est 4 la fois nécessaire et suffisante. Pour 
montrer que la premiére condition n’est pas nécessaire, M. Sierpinski a bien 
voulu me communiquer l’exemple suivant. (Il sera curieux d’observer plus 
loin que cet exemple peut aussi servir 4 démontrer que la seconde condition 
n’est pas suffisante). 

M. Sierpinski considére un espace (V) dont les éléments sont les nombres 
ordinaux de premiére et de seconde classe, et ne sont pourvus chacun que d’un 
seul voisinage. Le voisinage d’un entier a est constitué par a et par l’ensemble 
des nombres ordinaux de seconde classe. On prend comme voisinage d’un 
nombre « de seconde classe, l’ensemble des nombres ordinaux =a. II est 
alors clair que l’intérieur du voisinage V, d’un entier a quelconque est réduit 
au point «, alors que l’intérieur du voisinage V, d’un nombre de la seconde 
classe consiste dans l’ensemble des nombres de seconde classe appartenant 
a Ve. 

L’espace considéré jouit de la propriété de Borel. Soit F une famille 
dénombrable d’ensembles U;, --:, Un, ++ qui couvre l’espace. L’un au moins 
des U, soit Um, contient 4 son intérieur une infinité non dénombrable de 
points de cet espace puisque cet espace n’est pas dénombrable. Quelque soit 
le nombre ordinal a, il existe donc un nombre ordinal 8 > «¢ et intérieur 4 Um. 
Par suite le voisinage de 8 appartient 4 Um. Donec Um comprend tous les 
nombres = 8 et en particulier les nombres =a Comme a@ est un point 
arbitraire de l’espace, on voit que tout l’espace appartient 4 Um. Par suite 
tout l’espace est bien aussi intérieur 4 Um, l’espace est couvert par le seul 
ensemble U,, extrait de F. 

Puisque cet espace posséde la propriété de Borel, il est compact en soi. 
Mais il ne l’est pas au sens trés strict. En effet, extrayons de l’espace l’ensem- 
ble infini, ¢, constitué de tous les entiers. Il ne peut exister aucun point x de 
espace dont le voisinage contienne 4 son intérieur une infinité d’entiers. Car 
si x est un entier, l’intérieur de son voisinage se réduit au seul point z. Et 
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si z est un nombre de seconde classe, aucun entier } n’est intérieur au 
voisinage de 2. 

On peut encore utiliser ce méme espace pour donner un exemple d’un 
ensemble # compact en soi sans posséder la propriété de Borel. II suffit de 
prendre pour # l’ensemble constitué par tous les entiers et par w, le premier 
-nombre ordinal de seconde classe. Cet ensemble est couvert par la famille 
dénombrable constitué par les voisinages de ses points. Comme aucun de 
ces voisinages ne contient 4 son intérieur plus d’un point, il est impossible 
d’en extraire une famille finie couvrant H. FH n’a pas la propriété de Borel. 
Par contre, si l’on considére un sous-ensemble infini, e, de H, le voisinage du 
nombre w de F contient certainement une infinité de points de e. Done # 
est compact en soi. 


III. La condition nécessaire et suffisante pour qu'un ensemble E sott 
compact (en sot) est que, quelle que soit la suite monotone de sous-ensembles 
(non vides) de EL, a rangs entiers 


S. 28> OF, .** 


ail existe au moins un point (de EF) appartenant aux E, ow appartenant a 
leurs dérwés (page 271). 


1°. Supposons / compact. On ne considére que des sous-ensembles FL, 
non vides: soit a, un point de Ey. 

Si ’un au moins des a, est répété une infinité de fois c’est un point 
commun aux Ey. 

Sinon la suite des a» contient une suite S de points distincts. Alors il 
existe un point a (de #) dont tout voisinage contient une infinité de points 
distincts et appartenant 4 8. Par suite, aussi grand que soit n, tout voisinage 
de a contiendra au moins un point distinct de a et appartenant 4 H,: le point 
a est commun aux dérivés HL,’ des E,. 


2°. Montrons que la condition est suffisante. Soit e un sous-ensemble 
infini (s’il en existe) de #. Extrayons de e une suite infinie S de points 
distincts a1, d2,°-:, et soit H, ensemble des points dn, dni1,°°*. Aucun des 
E,, n’est vide et chacun contient le suivant. Il y a donc un point a (de F) 
commun aux £, ou a leurs dérivés. Comme les #, n’ont aucun point commun, 
on voit que dans tout voisinage de a, il y aura au moins un point, distinct de a, 
appartenant a £,, quel que soit n. Il y aura donc dans tout voisinage de a, 
une infinité de points distincts appartenant 4 e. 
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IV. Soit, dans un espace (V), une famille F d’ensembles fermés dont 
Vun au moins, E, est parfaitement compact. La condition nécessaire et suffi- 
sante pour qu’tl existe au moins un point commun @ tous les ensembles de F 
est que tout nombre fini d’ensembles de F possédent un point aw moins en 
commun (page 271). 

La condition est évidemment nécessaire. Si elle est remplie, nous allons 
prouver qu’il est impossible que chaque point a de £ soit disjoint de ’'un au 
moins EF, des ensembles de F. En effet, dans ce cas, puisque H, est fermé, 
il existerait au moins un voisinage Va de a qui serait disjoint de H,. La 
famille des ensembles V_ couvrant /, qui est parfaitement compact en soi, il 
existerait d’aprés la généralisation du théoréme de Borel-Lebesgue par M. 
Chittenden, un nombre fini des Va : Va,,°**, Va,) qui suffisent pour couvrir LZ. 
Les ensembles de F, Eu,,°--, Ea,, et aussi H, étant en nombre fini, auraient, 
par hypothése, au moins un point commun « Ce point « appartenant a # 
appartient 4 l’un des ensembles Vo,, par exemple 4 Vo,. Or les ensembles 
Ey, et Va, sont disjoints, ils ne sauraient avoir le point « en commun.* 


V. Soit dans un espace (V) une famille F d’ensembles, dont V'un au moins 
est parfaitement compact et fermé. Si pour toute famille finie extraite de F, 
il y a au moins un point commun aux ensembles de cette famille finie, alors 
il y a strement un point qui est commun a tous les ensembles de F ou qui est 
commun 4 tous leurs dérivés (page 272). 

Cette proposition généralise en partie le théoréme III. Sa démonstration 
sera obtenue plus loin 4 propos d’un énoncé distinct de celui-ci (XXIV). 


VI. Sit deux ensembles mutuellement connexes LH, F sont chacun con- 
nexes, leur somme est connexe (page 267). 

Soit #+ F—G-+ F, il faut démontrer que si G, ni H ne sont vides, 
ona GH’ + @HSA0. 

Or #—=FH-G+#H7-H=G6,4+4,;F=F- G+F- H=G4,+ 2 

Si G,, ni H, ne sont vides alors G, et H, doivent étre mutuellement con- 
nexes, (puisque H est connexe), done G et H, qui les contiennent respective- 


ment, sont aussi mutuellement connexes. On peut refaire le méme raisonne- 
ment quand G2, ni Hz ne sont vides. 





* Cette proposition a été énoncée pour la premiére fois dans le cas des espaces 
euclidiens par M. F. Riesz. Elle a été retrouvée et sa démonstration publiée pour la 
premiére fois par M. Sierpinski (CIII). On verra en comparant sa démonstration avec 
la nétre, qu’en passant du cas euclidien au cas infiniment plus général des espaces (V), 
bien loin d’avoir eu a compliquer sa démonstration, nous avons pu la simplifier. 












54 FréicHet: Démonstration de Quelques Propriétés 


Reste le cas ot l’un des ensembles G,, H, est vide et out l’un des ensembles 
G., Hz est vide. Si par exemple G,—0, G.— G0; on a donc le cas ou 
H,.=0 et alors Hi—H=+0. Dés lors H—H,—H et F=G.—G, G 
et H sont encore mutuellement connexes, comme F et F’. 


VII. Si des ensembles deux a deux mutuellement connexes sont chacun 
connexe, leur somme est connexe (page 267). En effet, dans ce cas, d’aprés 
le théoréme précédent, deux points quelconques de la somme appartiennent a 
un sous-ensemble connexe de cette somme. Cela suffit (page 267) pour 
prouver que cette somme est connexe. 


VIII. Si wun ensemble F est fermé, chacun de ses composants est un con- 
tinu ou est réduit a un seul point (page 269). 

Tout composant f d’un ensemble F' étant connexe ou réduit a un point, 
il suffit de prouver que si F est fermé, ses composants sont aussi fermés. Si f 
n’était pas fermé, il existerait un point a de f’ n’appartenant pas af. Mais a 
appartiendrait 4 F’, donc a F' qui est fermé. L’ensemble f +a est connexe, 
d’aprés l’avant-derniére proposition. Ce serait donc un sous-ensemble de F 
qui serait connexe et contiendrait f, c’est-a-dire contiendrait le plus grand 
sous-ensemble de F’ qui est connexe et contient un point de f. 


IX. Par définition de l’intérieur J et de l’extérieur H d’un ensemble G, 
aucun point de J ne peut appartenir au dérivé du complémentaire de G, donc ne 
peut appartenir au dérivé de #. De méme, aucun point de # ne peut. appar- 
tenir 4 I’. Donc J et H# ne peuvent étre mutuellement connexes. 

On va en conclure qu’un ensemble ouvert et connexe I est un composant 
de Vensemble complémentaire H de la frontiére F de Vensemble donné I 
(page 267). 

Le plus grand sous-ensemble J de H qui est connexe et contient un point 
de J contient J, puisque J est un sous-ensemble connexe de H. Ainsi, J con- 
tient J. Si J n’était pas un composant de H, J contiendrait J plus un sous- 
ensemble non vide e de l’extérieur EF de 7. Il faudrait done que J et e et 
par suite J et # fussent mutuellement connexes contrairement 4 la remarque 
ci-dessus. 


X. Un ensemble G est connexe en un de ses points a, si dans tout voisin- 
age Vq de a, il existe un voisinage W, de a tel que deux points quelconques b,c 
de G- W, appartiennent 4 un sous-ensemble connexe C de G@- Va. On peut 
sans diminuer la généralité prendre ca. Alors C est un sous-ensemble, 
connexe et comprenant a, de G. Donc C est un sous ensemble du composant 
& de G comprenant a. Un point b quelconques de G: W, appartient ainsi, 
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avec a, 4 un sous-ensemble connexe C de K- Va: K est connexe en a. La 
somme S des ensembles connexes C qui ont tous en commun a, est un ensemble 
connexe appartenant 4G. De plus S contient a, est contenu dans V, et con- 
tient G- Wa. En particulier, si a est un point intérieur 4 G, on peut choisir 
pour V un sous-ensemble convenable de G. Et alors, S contenant tout Wa, 
on voit que a est intérieur 4 S, donc intérieur au composant de G@ qui con- 
tient a. 

Ainsi lorsqu’un ensemble G est connexe en un de ses points intérieurs, 
soit a, a est aussi intérieur au composant de G@ contenant a. 

Si maintenant G est localement connexe, c’est-a-dire connexe en chacun 
de ses points, chaque composant de G@ est aussi localement connexe; et si G 
est ouvert, tout point a de G est intérieur au composant de G contenant a. 
Par suite tout composant de G est ouvert. Il est d’autre part aussi localement 
connexe comme G. Ainsi, tout composant d’un ensemble ouvert et localement 
connexe est lui-méme ouvert et localement connexe (page 269). 


XI. Supposons l’ensemble G précédent séparable. I] existe un suite de- 
nombrable NV de points a, d2,°** de G telle que G appartienne a N+ N’. Sia 
est un point de G appartenant a NV’, comme a est intérieur 4 G, a est intérieur 
au composant, y, de G contenant a, donc il y a au moins un point a, de N 
appartenant 4 y. Par suite y est identique au composant y, de G contenant 
dy. Ainsi, les composants d’un ensemble séparable, ouvert et localement con- 
nexe forment une famille dénombrable (page 272”'*). 


XII. Soit une famille F d’ensembles, dont les intérieurs existent et appar- 
tiennent 4 un méme ensemble parfaitement séparable 8. Lorsque ces intérieurs 
sont disjoints deux 4 deux, la famille F est dénombrable (page 275). 

En effet; par hypothése, on peut prendre les voisinages des points de S 
parmi les ensembles d’une certaine suite dénombrable d’ensembles Vj, 
Vay eee Piet **s 

Tout ensemble # de F a au moins un point intérieur a. Donc lun des 
voisinages de a est un ensemble V, appartenant 4 H. Soit r(#) le rang du 
premier des ensembles V,, V2, --: qui appartient 4 #. Pour deux ensembles 
distincts H, G appartenant a F, r(#) ~r(G@), autrement les intérieurs de E, 
G ne seraient pas disjoints. Les ensemble H de F correspondent donc respec- 
tivement 4 des entiers r(#) distincts. Done F est dénombrable. 

En particulier, wne famille de sous-ensembles ouverts et disjoints deux & 
deux, d'un ensemble parfaitement séparable est nécessairement dénombrable 
(page 275). 
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XIII. Les sous-ensembles ouverts d’un ensemble parfaitement séparable § 
sont chacun des sommes d’une famille d’ensembles Vn,, Vn,,° +: choisis dans la 
famille dénombrable V,, V2, -°-. Chacun de ces sous-ensembles étant ainsi 
déterminé par une suite d’entiers, la famille des sous-ensembles ouverts d’un 
ensemble parfaitement séparable S a au plus la puissance du continu 
(page 275). 


XIV. Si F est un sous-ensemble fermé de S, S—F est la partie com- 
mune a S a une des sommes V;,-+ V,,-+°*:. Done: la famille des sous- 
ensembles fermés d’un ensemble parfaitement séparable a au plus la puissance 
du continu (page 275). 


XV. Tout ensemble G parfaitement séparable est separable (page 279»'s) 
Appelons en effet N l’ensemble dénombrable des points a, obtenus en choisis- 
sant arbitrairement un point a, dans chacun des voisinages V» des points de G. 
On voit que G appartient 4 VN + N’ 


XVI. Fonctionnelles et transformations ponctuelles. Nous avons défini 
(page 202) la continuité des transformations ponctuelles de deux fagons; 
nous allons démontrer qu’elles sont équivalentes. 

Disons qu’une transformation 7(£) = F est continue au point a de E, 
si pour tout voisinage V; du transformé 0 de a, il existe un voisinage Va de a 
tel que 7(£-Vq) appartienne 4 F- Vy. Supposons maintenant qu’il existe 
un sous-ensemble, e, de H ayant a pour point d’accumulation. Vz. contient 
au moins un point a’ de e distinct de a. Par suite V» contiendra le point 6’ 
transformé de a’. Ce point b appartient au transformé f de e. Done: ou 
bien 0’ est confondu avec b ce qui nécessite que b appartienne a f, ou bien V» 
qui est un voisinage arbitraire de b, contient un point de f distinct de b. 
Ainsi: si T\(E) =F est une transformation continue au point a, quelque soit 
le sous-ensemble e de E. ayant a pour point @accumulation, le point b, trans- 
formé de a, appartient nécessatrement, soit au transformé f de e, soit a son 
dérwé f’. La réciproque est vraie (page 202). Autrement, il existerait un 
voisinage V, de b tel que tout voisinage V, de a contienne un point a’ de E 
dont le transformé b’ n’appartient pas 4 Vz. Alors b’ est distinct de b et 
par suite a’ de a. L’ensemble e des points a’ a a pour point d’accumulation. 
Et pourtant, le point b n’appartient, ni au transformé f de e, ni a son dérivé f’, 
puisque f est disjoint de V>. 

XVII. Considérons une fonctionnelle U(x) uniforme sur un ensemble # 


compact (en soi). Quel que soit n, il existe un point a, de H tel que U (an) 
>M—1/n, si U(x) a sur F une borne supérieure finie M ou tel que U(an) >n 
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dans le cas contraire. Alors il existe un point a (de #) dans tout voisinage V, 
duquel se trouvent une infinité des points a. Finalement, il existe aw moins 
un point a (de E) tel que la borne supérieure (finie ou non) de U(x) sur 
l'ensemble E compact (en sot), soit égale a la borne supérieure de U(zx) 
sur la partie de E appartenant a un quelconque des voisinages de a (page 277). 


XVIII. Une fonctionnelle U(x) continue sur un ensemble connexe C ne 
peut passer d’une valeur a une autre sans passer par toutes les valeurs intermé- 
diaires (page 277). Soient a, b, deux points de C et a un nombre compris entre 
U(a) et U(b). Supposons, par exemple, U(a) <<a<U(b). Si en aucun 
point z de C on n’avait U(x) =a, on pourrait décomposer l’ensemble C en 
deux sous-ensembles disjoints et non vides 


A ou U(x) <a, 
B ou U(z) >a. 


Donc A et B seraient mutuellement connexes, c’est-a-dire qu’il y aurait, par 
exemple, un point c de A qui appartient au dérivé B’ de B. Alors, dans tout 
voisinage V, de ¢, il existerait au moins un point z de B. On aurait U(x) >a. 
Or on peut prendre le voisinage tel que | U(x) —U(c) | <«, e etant un 
nombre positif arbitraire et on pourrait prendre e< a—U(c). On aurait 
done U(x) < @ sur certains points de B, contrairement 4 sa définition. 


XIX. La limite U(x) d'une suite de fonctionnelles Un(x) continues en 
a relatiwwement a EL, qui converge uniformément sur EL, est continue en a rela- 
tivement a EH (page 280). 

Soit « un nombre positif arbitraire. Par hypothése, il existe un nombre 
ptel que pourn>p |U(«x) —U,(2) | <«/3 en tout point x de £ et il 
existe un voisinage de a sur lequel l’oscillation de Un(x) est inférieure 4 ¢/3. 
Alors pour deux points y, z de ce voisinage et de #, on a 


| T(y) —U(z) | S| U(y) —Tnly) | 
+ | Us(y) —Tn(z) | + | Un(2) —U(2) | <e 


XX. La limite U(x) @une suite de fonctionnelles Un(x) également con- 
tinues en a relativement a E et convergeant partout sur E est continue en a 
relativement a E (page 281). 

Pour e positif arbitraire, il existe par hypothése un voisinage V, de a sur 


4 


lequel Voscillation de chaque U, est inférieure 4 «/3. D’autre part, pour n 
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assez grand (n >z), on a | U(x) —Un(x) | <«/3. Pour deux points 
quelconques y, z de Va, prenons n > ny et n > nz; on aura 


| 7(y) —U(z) | < | U(y) — Only) | 
+ | Un(y) —Un(z) | + | Un(z) —U(z) | <e. 


XXI. 81, de plus, E est compact en soi et si la suite est également con- 
tinue en chaque point de EL, la convergence est nécessairement uniforme sur E 
(page 281). 

En effet, dans le cas contraire, il y aurait un nombre « > 0 et quel que 
soit p, un entier np > p et un point 2, de E tels que 


| U (ap) basa Dn, (Xp) | €. 


Si parmi les zp, il n’y avait qu’un nombre fini de points distincts, une 
infinité des zp seraient identiques 4 un méme point a. On aurait done 
| U(a) —Un, (a) | > avec np > p, ce qui est impossible puisque la suite 
converge en chaque point a de H. Dans le cas contraire, on peut ne retenir 
que les zp distincts et alors, comme FE est compact en soi, il existe un point 
a de EF dans tout voisinage duquel se trouve une infinité des x». D’autre part, 
il existe un voisinage V, de a ou l’oscillation de tous les U, est inférieure a 
e/3 et ou, par suite, celle de U est Se/3. Pour une infinité de valeurs de p, 
on aura donc 


| U(a) — U (ap) | S«/8, | On, (4) — Un, (2p) | < €/8; 
et pour p assez grand 
| U(a) — Un, (a) | <€/8 


On aurait done | U(2p) — Un, (tp) | << pour une infinité de valeurs de p 
contrairement a Vhypothése. 


XXII. La composition de deux transformations continues fournit une 
transformation continue (page 283). Soient deux transformations y—A(z) et 
z= B(y). Supposons A(z) continue au point a relativement 4 un ensemble 
E; supposons que B(y) soit continue au point b = A(a) relativement 4 I’en- 
semble F transformé de # par A. II s’agit de démontrer que la transforma- 
tion z= B[A(zx)] est continue au point a relativement 4 H. Soit en effet 
c= B(b). Les ensembles H, F et l'ensemble G, transformé de F par B(x) ap- 
partiennent respectivement par hypothése a trois espaces (V ), distincts ou non. 
Soit V, un voisinage arbitraire de c; il existe, par hypothése, un voisinage V» 
de b tel que le transformé par B(x) de F'- V, appartienne 4 V,. I] existe de 
méme un voisinage V, de a tel que le transformé par A(z) de H: Va appar- 
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tienne 4 Vy. Donc il existe un voisinage Va de a tel que le transformé par 
B[A(x)] de HZ: Va appartienne a Ve. 


XXIII. Toute transformation continue A transforme un ensemble con- 
nexe E en un ensemble F connexe (page 283). 

Soit F = H,-+ H,. Tout point de # est transformé, soit en un point 
de H,, soit en un point de H.; appelons G, le sous-ensemble des point de # 
transformés chacun en un point de H,, G.—H—G,. Si nous supposons 
H, et H, disjoints et non vides, G, et Gs seront disjoints et non vides. Par 
suite G,° Go’ + G.° G,’ n’est pas vide. Or le transformé de cet ensemble 
appartient 4 H,- (H.+ H.’) + H2: (A, + Hy’) =H, : H./+ H,- Hy’, puis- 
que H, et H, sont disjoints. Done H,: H.’ + H.-H,’ rest pas vide. 

Il faut observer que le raisonnement ne s’étend pas au cas ou F serait 
seulement supposé bien enchainé. Car un point a appartenant 4 G,- G.’ + 
G+ Gi’ + G1’: G.’ pourrait ne pas appartenir 4 FH et alors on ne peut plus 
parler du transformé de a. 

Non seulement la démonstration, mais l’énoncée ne s’étend pas. Par 
exemple, considérons la figure inverse D d’une circonférence S obtenue en 
prenant le pdle d’inversion p sur S. Prenons pour # un arc de S s’étendant 
de chaque coté de p mais privé du point p. Alors # est un ensemble non 
connexe mais bien enchainé que l’inversion transforme dans un ensemble F 
composé de deux demi-droites situées sur D et séparées par un segment de D. 
L’ensemble F' n’est ni connexe, ni bien enchainé. 


2. Propriétés des espaces accessibles ou espaces (H). 


XXIII. Pour un espace (V) satisfaisant aux condition 1°, 2°, 3° de F. 
Riesz (page 206), 11 est équivalent de supposer que tout ensemble dérivé est 
fermé ow de supposer que l’intérieur de chaque ensemble est un ensemble 
ouvert (page 247). 

[Dans l’un et l’autre cas, l’espace considéré sera donc un espace accessible 
ou espace (H)]. En effet, admettons la premiére condition et soit J l’inté- 
rieur d’un ensemble H. Si J n’était pas ouvert, il y aurait un point z intérieur 
a FH sans étre intérieur 4 J. C’est-a-dire qu’au moins un voisinage V, de & 
appartiendrait entiérement 4 FH et que tout voisinage de x contiendrait au 
moins un point y distinct de x et n’appartenant pas 4 7. L’ensemble des 
points y appartiendrait au complémentaire de J, done au complementaire C 
de # ou 4 son dérivé C’. Et il aurait x pour point d’accumulation. Donec 2 
appartiendrait 4 C’ ou aC”. Or 2 appartenant 4 J ne peut appartenir 4 C’. 
Tl y aurait done un point x de C” n’appartenant pas 4 C’ contrairement a 
Phypothése. 
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Inversement, admettons la seconde condition. Si un ensemble dérivé 7” 
n’était pas fermé il y aurait un point z de F” n’appartenant pas 4 F’. Soit 
f = F—z; en vertu des trois conditions de F. Riesz, z sera aussi un point 
de f” n’appartenant, ni 4 f’, ni a f. Soit c l’ensemble complémentaire de f; 
z est intérieur 4c. En vertu de la seconde condition, z est méme intérieur 4 
Vintérieur + de c. Il y a donc un voisinage V de z appartenant 41. Puisque 
z appartient 4 f”, il y aurait au moins un point ¢ de V, distinct de z et appar- 
tenant 4 f’. Ce point ¢ étant intérieur 4 c ne peut pourtant pas étre point 
d’accumulation du complémentaire f de c. 


XXIV. Soit dans wn espace accessible, ou espace (H), une famille F 
d’ensembles dont l'un au moins, E, est parfaitement compact et fermé. La 
condition nécessaire et suffisante pour qwil existe au moins un point commun 
a tous les ensembles de F ou au moins un point commun aux dérwvés de ces 
ensembles est qual en soit de méme pour toute famille fine extraite de F 
(page 272). 

La condition est évidemment nécessaire. Nous allons montrer que si elle 
est remplie, il est impossible que, pour tout point a de H, il existe un ensemble 
éa de F disjoint de a et un ensemble FZ, de F (distinct ou non de eg) dont a 
n’est pas point d’accumulation. En effet, dans ce cas, il existerait un voisinage 
Va de a n’ayant avec HL, aucun point commun distinct de a. Alors les Vq cou- 
vriraient H et, puisque cet ensemble est compact et fermé, HE pourrait étre 
couvert par un nombre fini des V_: Va, ---, Va, Alors, si on considére les 
ensembles de F: FE, @a,, °° * 5 Cans Hay ***, Ea,» qui sont en nombre fini, il 
existerait un point a commun 4a ces ensembles ou commun 4 leurs dérivés. 
Comme F est fermé, « appartient dans les deux cas 4 H. Par suite, il est 
intérieur 4 un des Vq,, par exemple a Vo,. 

Dans le premier cas, « appartenant 4 H., et Va, qui n’ont aucun point 
commun distinct de a;, « coinciderait avec a,;. Or cela est impossible puisque 
@% appartient a ea, tandis que a, ne lui appartient pas. 

Dans le second cas, « étant intérieur 4 Vo,, un des voisinages Wag de @ 
appartient 4 Vo,, et comme «@ est point d’accumulation de H,,, il y aurait un 
point au moins 8 de £,z,, distinct de «, en commun avec Wz, done avec Vg, 
Comme Fy, et Vo, n’ont en commun aucun point distinct de a,, B coincide 
avec a. Puisque Ha,—a,-+ (Ho,—a,) a @ pour point d’accumulation et 
puisque l’espace envisagé est accessible, « serait point d’accumulation de 
Eq,— 4, ou de Vensemble réduit 4 a, Or Hy,—a, étant disjoint de Va, 
donc de Wg, ne peut avoir a pour point d’accumulation. I] faudrait done que 
le point « fut point d’accumulation d’un ensemble composé d’un seul point, 
ce qui est impossible dans un espace accessible. 
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Il y a lieu de remarquer que la partie de la démonstration relative au 
premier cas reste valide pour un espace (V). Nous obtenons donc ici la 
démonstration du théoréme V. 


XXV. La frontiére F d’un ensemble E est un. ensemble fermé (page 
286). En effet, si C est l'ensemble complémentaire de E£, on a, par définition, 


F=C-H’+(C’-E. 
Dans un espace accessible, ]a dérivation. est distributive, donc: 
F’=(C’: EE” +C’H’ + CP’; 
et puisque tout ensemble dérivé est fermé, 
PCH =C-f-E+C- CCCH+LC=F. 


XXVI. Tout ensemble séparable E appartient a un ensemble fermé sépa- 
rable, par exemple a la fermeture E + K’ de E (page 286). 
Il existe, par hypothése, un sous-ensemble dénombrable N de EF tel que 


NCECN+WN. 
D’ot N’C EH’ CN +N” =QN’. 
Done LE’ = N’, ot E+ LF’ =N-+N’. Alors 
ECN+NCE+E". 


Et ensemble FH + EH’ est fermé et puisque NC H+ HW=N+WN,E+E 
est aussi séparable. 


XXVII. La formule EL’ = N’ prouve aussi que tout ensemble séparable 
dense en sot appartient au derivé de l'un de ses sous-ensembles dénombrables 
et que tout ensemble séparable parfait est le dérivé de V'un de ses sous-ensem- 
bles dénombrables (page 284). 


XXVIII. Dans wn espace accessible, tout ensemble parfaitement sépa- 
rable et non clairsemé contient un ensemble dénombrable dense en sow (page 
274). 

L’ensemble # n’étant pas clairsemé contient un ensemble D dense en soi. 
Comme F est parfaitement séparable, D est aussi parfaitement séparable 
et par suite séparable (XV). Or tout ensemble séparable et dense en soi, 
D, appartient au dérivé d’un de ses sous-ensembles dénombrables (XX VII) 
soit V. Et comme NC DCN’, N est dense en soi. 


XXIX. Dans un espace accessible, tout ensemble parfaitement séparable 
E a aw plus la puissance du continu (page 285). En effet, par hypothése, 
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il existe une famille dénombrable d’ensembles V;, V2,--:, Vn, °°: telle que la 
famille des voisinages de tout point x de H soit équivalente a la famille consti- 
tuée de ceux des ensembles Vn, (soient Vn,, Vn, °**) auxquels x est intérieur, 
Il n’y a d’ailleurs, puisque l’espace est accessible, qu’un point 2 commun aux 
voisinages Vn,, Vn °°: de 2. 

Tout point x détermine une suite d’entiers m,, m2, °-- telle que & soit 
intérieur aux ensembles Vn,, Vn,,°** et 4 aucun autre des Vn. 

Réciproquement, une telle suite d’entiers, c’est-a-dire une suite telle qu’il 
existe au moins un point x intérieur 4 Vn,, Vn, -+* et 4 aucun autre des Vy, 





détermine un point x de £ et un seul. 

Les points de # correspondent donc de facgon biunivoque a certaines suites 
@entiers n;, N2,°**. 

Donec £ a au plus la puissance du continu. 


XXX. Dire qu’un point a d’un espace accessible est @ caractére dénom- 
brable, c’est dire qu’on peut supposer dénombrable la famille des voisinages de a. 
Soient donc W,, Ws, ---, Wn, °:+* ceux-ci. Appelons V. le premier des Wy 
qui est commun 4 W, et W2. En posant V; = W,, appelons en général V, le 
premier des W, qui est commun 4 V,,°-*, Vp. et Wp. On voit qu’on aura 


55,5 S72: 


Comme les W, ces ensembles V ne pourront avoir en commun que le point a. 
Leur famille est équivalent a celle des W. Car chaque V est un W et chaque 
W, comprend un Vy. Ainsi, si un point a d’un espace accessible est a caractére 
dénombrable, on peut supposer que la famille de ses voisinages est une suite 
dénombrable d’ensembles Vy n’ayant en commun que le point a et dont chacun 
contient le suivant (page 298). 

C’est en particulier ce que a lieu si a est un point quelconque d’un en- 
semble parfaitement séparable. 

(Dans le cas exceptionel ot la suite des Vp» serait finie, la famille des 
voisinages de a serait méme équivalente 4 la famille constituée par un seul 
ensemble: le dernier des V,). 


XXXI. Toute transformation continue transforme un ensemble (par- 
faitement) compact en soi en un ensemble (parfaitement) compact en soi 
(page 288). 

En effet, soit A une transformation continue d’un ensemble # d’un espace 
accessible en un ensemble E,; d’un espace accessible (distinct ou non du pre- 
mier). Soit e, un sous-ensemble infini de H,;. Chaque point y de e, est le 
transformé d’au moins un point x de H. Ne prenons qu’un point x de H pour 





















des Ensembles Abstraits. 63 


chaque point y de e;. Nous formerons ainsi un ensemble ¢ de points distincts ; 
e est un sous-ensemble infini de # et son transformé est e;. 

Si # est (parfaitement) compact en soi, il existera un point a de Z dont 
tout voisinage comprend au moins un point de e distinct de a (comprend un 
ensemble de points de e ayant méme puissance que e). Or si Vo, est un 
voisinage arbitraire du transformé a, de a, il existe un voisinage V, de a, tel que 
le transformé de e: Vq appartienne 4 Vo, Done Vo, comprend au moins un 
point de e, distinct de a, (comprend un ensemble de points de e¢, ayant une 
puissance au moins égale a celle de e-V<, c’est-a-dire a celle de e, c’est-a-dire 4 
celle de e, et, comme la puissance de ¢,° Vo, est au plus égale 4 celle de e,, 
ces deux puissances sont égales). 


XXXII. Démontrons une proposition qui constitue en quelque sorte une 
réciproque du théoréme XXI. ; 

Soit F une famille de fonctionnelles continues sur un ensemble E & carac- 
tére dénombrable (c’est-a-dire dont la famille des voisinages de chaque point 
de H est dénombrable). Pour que de tout sous-ensemble infini de fonction- 
nelles de F, on puisse extraire une suite qui converge uniformément sur E, 
il faut qu’en chaque point de E, les fonctionnelles de F soient également 
bornées et également continues relativement a E (page 288). 


1°. S’il existe au moins un point a de FH ow les fonctionnelles de F ne 
sont pas également bornées, c’est que, pour tout entier n, il existe une fonc- 
tionnelle Un(x) de F telle que | Un(a) | >. Cela est impossible car, par 
hypothése, on pourrait extraire de la suite des Un(x) une suite qui converge 
uniformément sur £ et en particulier qui converge en a. Cette démonstration 
est valable pour un ensemble F quelconque appartenant 4 un espace (V) 
quelconque. Il n’en est pas de méme de la démonstration du second point. 


2°. Sil existe un point a de EF ot les fonctionnelles de F ne sont pas 
également continues, il existe un nombre e > 0, tel que pour tout voisinage V 
de a, Voscillation sur #- V de l’une au moins des fonctionnelles de F soit 
supérieure 4 «. D’aprés ce qui précéde, on peut supposer que les voisinages 
de a forment une suite dénombrable monotones d’ensembles V,, V2, --- n’ayant 
en commun que le point a. Soit U, une fonctionnelle de F dont V’oscillation 
sur V, est supérieure 4 «. On peut extraire par hypothése de la suite des 
U,(x) une suite uniformément convergente sur 7. Appelons U(x) sa limite. 
Il y a un voisinage Vy de a sur lequel loscillation de U(x) est < «/6. D’autre 
part, pour n assez grand, | U,(x) —U (ax) | </6 sur tout H. Par suite si # 
appartient 4 L- Vy 











64 FricHet: Démonstration de Quelques Propriétés 


| Un(x) —Un(a) | S| Un(x) —U (2) | 
+ | U(c) —U(a) | + | U(a) — Un(a) | < €/2. 


Donec V’oscillation de Un(z) sur Vp serait < ¢, pour p fixé, n assez grand. Si 
donc on prend n assez grand et en particulier > p, l’oscillation de Un(x) sur 
Vn serait < ¢, contrairement a l’hypothése. 


3. Espace régulier. 


XXXIII. Dans un espace régulier (page 240), tout ensemble ouvert 
parfaitement séparable, EH, est la somme d'une famille dénombrable d’en- 
sembles fermés (page 299). 

L’ensemble FE étant parfaitement séparable, soit S la suite dénombrable 
des voisinages V,, V2,-:-, Vn, --- des points de #. Pour chaque point a, 
Pun au moins des voisinages V, auxquels a est intérieur appartient a FH. 
Ainsi on peut couvrir # au moyen d’une famille f d’ensembles V, appartenant 
chacun 4 F. Donc £ est la somme des ensembles de cette famille. D’autre 
part, dire que l’espace est régulier, c’est dire qu’on peut supposer fermés les 
ensembles de S. La famille f est une famille dénombrable d’ensembles fermés. 


4, Propriétes des espaces (L). 


XXXIV. Nous avons appelé dans notre Thése ensemble compact (en 
soi) de points d’un espace (L), un ensemble # dont tout sous-ensemble infini 
e donne lieu 4 au moins un point d’accumulation a (appartenant 4 #7). Ily 
aura donc une suite de points de @: a1, d2,°**, dn, *** distincts et convergeant 
vers a. Comme a est aussi point limite de la suite dn, dni, °-:, il y aura 
dans tout voisinage de a une infinité de points de e distincts. De sorte que 
E est aussi compact (en soi) au sens adopté dans notre livre pour les ensembles 
de points d’un espace (V). 

Dans un espace (V) quelconque, un ensemble (parfaitement) compact et 
fermé est (parfaitement) compact en soi. Dans un espace (L), la réciproque 
est vrate (page 301). En effet, dans un tel espace tout point d’accumulation 
a d’un ensemble F est point limite d’une suite convergente S extraite de E 
et formée d’éléments distincts. Si H# est compact en soi (et, 4 fortiori, si Z 
est parfaitement compact en soi), il existe un point de H qui est point d’accu- 
mulation de 8S. Comme a est le seul point d’accumulation de S, on voit que 
a appartient 4 £. 

XXXV. La condition nécessaire et suffisante pour qu’un ensemble E soit 
compact est, que pour toute infinie monotone de sous-ensembles fermés de E 
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il existe au moins un point commun aux ensembles de cette suite (page 301). 

La condition est nécessaire, cela résulte du théoréme III (ou 22, p. 7). 
La condition est suffisante; en effet si # n’était pas compact, il existerait un 
sous-ensemble infini, e, de H, n’ayant aucun point d’accumulation. Soit, S, 
une suite infinie de points de e, distincts 


Gy Bay °° * 5 Ons ° . 


et H, Vensemble des points dn, dnji,***. Il n’existe aucun point d’accumula- 
tion de Z,. La suite des H, serait done une suite monotone de sous-ensembles 
fermés de #. Il y aurait donc un point commun aux FE», ce qui est évidem- 


ment impossible. 


XXXVI. Toute transformation continue d’un ensemble compact et 
fermé E u,partenant a wn espace (L) en un ensemble F appartenant 4 un 
espace (L)—distinct ow non du premier—fournit un ensemble compact et 
fermé (pages 44 et 303). 

En effet, soit f un sous-ensemble infini de F. Comme au paragraphe 
XXXVI, on peut le considérer comme transformé d’un sous-ensemble infini e 
de F choisi de sorte qu’un point de f corresponde a un seul point dee. Ilya 
un point a de F qui est point d’accumulation de e. Le transformé b de a est 
peut-étre aussi transformé d’un point a; de e distinct de a. Mais a est point 
daccumulation de e—a—da,. Alors b, ne pouvant appartenir a f.5 trans- 
formé de e — a— 4d,, sera point d’accumulation de f-b, done de f. Et b appar- 
tient a F. 

Done f a au moins un point d’accumulation appartenant 4 F. Ainsi F 
est compact en soi, c’est-d-dire, d’aprés XXXIV, compact et fermé. 


5. Propriété des espaces (S). 


XXXVII. M. Hausdorff a démontré (X, page 265) que tout espace de 
Hausdorff 4 caractére dénombrable est un espace (S). 

La réciproque est vraie (page 248). Comme tout espace (S) est un 
espace accessible, il suffit de démontrer qu’un espace (S) 4 caractére dénom- 
brable posséde la porpriété D) de M. Hausdorff. Dire qu’il ne la posséde pas, 
ce serait dire qu’il existe deux points a, b distincts ne possédant pas deux 
voisinages disjoints. Soient V,', Va?, ::-; Vo', V»?, -*- les voisinages re- 
spectifs de a et de 6. Il y aurait un point a, commun 4 V," et V,”" quel que 
soit n. Comme a» ne peut-étre identique a la fois 4 a et b, ’un au moins des 
deux points a et b, a par exemple, est distinct d’un infinité des a,. D’ailleurs, 


on peut supposer (voir XXX) que la suite V,', Vq”, -:: est mcnotone, de 
méme que la suite Vz", V,?, °--. Done, a, par exemple, est point d’accu- 
5 ; 
4 
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mulation de l’ensemble des dn. C’est, par conséquent, la limite unique d’une 
certaine suite convergente de points distincts dn,, dn, *** extraite de la suite 
des an. Il ne peut donc y avoir dans cette suite qu’un nombre fini ou nul 
de points coincidant avec b. La suite formée par les autres points est formée 
de points distincts de a et de b, figurant dans une infinité des V," et une in- 
finité des V," et par conséquent figurant dans tous les voisinages de a et tous 
les voisinages de b. C’est donc une suite convergeant vers a et qui aurait 
aussi 6 pour point d’accumulation. 


6. Propriétés des espaces (D). 


XXXVIII. Tout ensemble complet E fait partie d'un ensemble fermé 
complet G extrait de ce méme espace (page 308). 
‘Nous appelons ensemble complet un ensemble F tel que sans altérer la 
convergence ou la non-convergence des suites de points de H, ni leurs limites, 
on puisse définir celles-ci par l’intermédiaire de distances vérifiant le critére 
de convergence de Cauchy. Autrement dit: une certaine distance ((z, y)) 
étant définie pour tout couple de points x,y de l’espace (D) considéré, nous 
supposons qu’on peut en outre attacher 4 tout couple de points 2, y de Z une 
certaine distance (2, y) égale au non a ((z,y)). Comme la distance ((2,y)), 
cette distance (x,y) doit étre = 0, nulle seulement si x et y sont confondus, 
telle que 
(x,y) S (xz) + (y, 2) 


quels que soient x,y,z de EH; telle que si y de EH tend vers x de EH, (z,y) 
tend vers zéro et réciproquement. Mais, en outre, elle doit étre telle que, si, 
pour une suite 2, T2,°**, Un, °** de points de H, les distances (%n, Lnyp) sont 
infiniement petites avec 1/n, cette suite converge (sa limite appartenant ou 
non a /) ; et .inversement. 

Et nous nous proposons de montrer qu’on peut attacher 4 tout couple de 
points x, y de l’ensemble fermé F = H + LH’, une distance [z, y] égale a (2, y) 
quand z et y appartiennent 4 £ et satisfaisant relativement 4 F aux mémes 
conditions que nons venons de spécifier pour (z, y) relativement 4 EF. 

Si cela est possible, on aura 


| [2,4] — (@n, yn) | S [2,2] + [ys yn] 


pour tout couple z,y de F et tout couple xn, yn de H. On pourra toujours 
prendre 2» et yn de sorte qu’ils convergent respectivement vers x et y de F et, 
par suite, on aura: 
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(5) [x,y] = lim (an, yn) 


@n->D,yn-y 


Inversement, ne supposons plus le probléme résolu et posons, par défini- 
tion de [,y], la relation (5) pour tout couple de points x,y de F et toute 
suite de couples 2n, yn de points de # convergeant respectivement vers 2, y. 

Pour que la définition soit légitime, il faut que le second membre de (5) 
ait sfirement une limite et que celle-ci ne dépende que de z et y. On a d’abord 


| (@n, Yn) — (Lnsps Ynsp) | S (@n, Snip) + (Yny Ynsp)- 


D’aprés les hypothéses faites, le second membre est, indépendamment de p, 
infintment petit avec 1/n. La suite de nombres (41,41), °°*, (@n; Yn), °** 
est donc bien convergente. 

Sa limite ne dépend que de x et de y. Soit, en effet, rn’, yn’, un couple 
de points de H convergeant respectivement vers x,y. Alors le couple z,y 
sera aussi la limite de la suite de couples de H 


= , he evetavens ° , Rie iglete 
V1, Y15 %1 5 Y1 > V2, Yo; > Un, Yns Ln 5 Yn 5 


Donc la suite des distances 


(21, 41) 3 C21’, ys’) 5 (ay Yo) 5 °° 5 (Hny Yn) 5 (Zn’sYn’) 5 °° 
d’aprés ce qui précéde, est aussi convergente, ce qui prouve que 


lim = (an’, yn’) = ~=lim = (4n, Yn), 
an!’a2, yn’ ry fn7>2;, Yn->y 


Ainsi [z,y] est un nombre bien déterminé pour tout couple de points 
de F. De plus, si z,y appartiennent 4 H, on peut prendre t= 2, Yn=Y, 
ce qui montre que dans ce cas 


[z,y] = (2,y). 
Si maintenant z, y sont deux points quelconques de F, on a évidemment 
[x,y] =0, [2,2] =0. 


Inversement, si [z,y] =0, on a lim (2n, yn) =0. 
Or, par hypothése (4n, Znsp) tend indépendamment de p vers zéro avec 
1/n. Done la suite de points 


U1, Y135 Voy Yo3 °°" 5 Un, Yns *** 


vérifie aussi les conditions de Cauchy relativement 4 la distance (---): elle 
converge et alors r= y. 
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On a pour trois points a, Yn, 2n, quelconques sur H 


(tn, Yn) S (Any Zn) + (Zn, Yn) 5 


donc 4 la limite, si ces points tendent vers 2, y, z de F, 


[z,y] S [2,2] + [2,2]. 


Montrons aussi que si y de F tend vers yde F,ona lim [y®,y] =0 
et inversement. sili 

Supposons d’abord que chaque y appartienne a EH. Alors le couple 
y?, y@™ de EH tend vers le couple y, y de F quand n croit indéfiniment. 
Done 


ly, y] = on ig? , go). 


Puisque la suite des y*” de E est convergente, les nombres y™, y‘?*™ sont 
infiniment petits avec 1/p, indépendamment de n. Donec [y, y] est infini- 
ment petit avec 1/p; on a bien dans ce cas 


lim [y®, y] =0. 
p00 


Passons au cas ot y) appartient a F’; il est limite d’une suite de points de £. 
On peut donc prendre, d’aprés ce qui précéde, un point yp de EF tel que 
[yy] <1/p, et aussi ((¥,y¥)) <1/p. Comme ((y, yr)) = ((y ¥™)) 
+ ((y™, yp) ), on voit que yp de EF tendra vers y de F. Done 


[yy] S [yy] + ly y?] < [ys yo] + 1/p. 


Or 


lim [y, yo] =0. 
p00 


On a done encore 
lim [y,y”] =0. 


p00 
Réciproquement, supposons que pour les points y, y de F’, on ait 

lim [y, y] =0. 

p->00 
Prenons des points zp, 2 de #; on peut, pour p fixe, les faire varier et les 


fair tendre vers y, y respectivement. On peut donc, d’aprés ce qui précéde, 
les prendre tels que [2p, y] <1/p; [z™, y™] <1/p, et aussi 


((2, y)) <1/p. 


Or, on a 


(2, 2p) = [2, 2p] S [2™, yw] + [y, y] + Ly, 20] 
< [y™, y] + 2/p. 
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Done 
(6) lim (2, 2p) =0. 
p00 
On a d’autre part, 


(2, ze) S (z®, 2) + (2p, Zan) + (Zpan, 2°). 


En vertu de l’égalité (6) et de la convergence de la suite des zp, on voit, 
d’aprés cette inégalité, que (2, 2‘) est infiniment petit avec 1/p indé- 
pendamment de n. La suite des z est donc aussi convergente. Soit z sa 
limite, qui est un point de F. Ona 


[2z, y] S [z, 2] + [2™, 2] + [2 y] < [z, 2] + [2™, 2p] + 1/p, 


et les trois termes du troisitme membre tendent vers zéro avec 1/p: le deux- 
iéme terme en vertu de (6), le premier d’aprés la proposition directe démon- 
trée 4 linstant. Donc [z,y] —0, et on a vu que ceci implique z=y; par 
suite 2) tend vers y. 

Enfin, on a 


((y9¥)) S (Cy 2)) + (C2, y )) S (Cy, 2 )) + 1/p. 


Done, on a bien 
=lim y). 
p00 
Il nous reste 4 démontrer que la distance [z,y], qu’on vient de définir 
pour tout couple de points de F, se préte 4 la généralisation du critére de 
Cauchy. Si 2,, z,°-- est une suite convergente de points de F, sa limite x 
appartient a F’; et on a 


[Xp, Insp | = [z, Lp] + [z, Tnsp|- 


Il résulte de ce qui précéde que [Zp, Yn.p] sera infiniment petit avec 1/p indé- 
pendamment de n. 

Inversement, démontrons que la suite des points x, de F est convergente 
quand elle satisfait au critére de Cauchy généralisé. Dans ce but, prenons un 
point yp de # assez voisin de x» pour que, quel que soit p, 


[Yp; Lp] < 1/p. 
On aura 


(Yo, Ynsp) = [Yp. Ynip] S lyp, Lp] 
+ [&p, Snip] + [tnsp, Ynso] < 2/p + [2p, Lnip] 5 


le second membre est infiniment petit avec 1/p, indépendamment de n. Donec 
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les distances (Yp, Ynap) vérifient le critére de Cauchy: la suite des yp est con- 
vergente. Soit y sa limite qui appartient 2 F. On aura 


[tp y] = [2p, yo] + [ye yl] <1/p + [yp y)]- 
Done les 2p convergent (vers y). 


XXXIX. Dans un espace (D), tout ensemble compact et fermé posséde 
la propriété de Borel-Lebesgue et réciproquement (page 317). J’ai démontré 
la réciproque pour l’espace (V) le plus général (61, page 15). 

Le théoréme direct a été démontré dans ma Thése (22, page 26), moyen- 
nant une hypothése restrictive dont on peut se débarasser suivant une re- 
marque de M. Hildebrandt (71, page 353). 

Mais cette démonstration repose sur le théoréme analogue pour la pro- 
priété de Borel. Vue l’importance de la proposition énoncée ci-dessus, il est 
bon d’en donner une démonstration directe. 

Supposons qu’une famille F d’ensembles J couvre un ensemble L. Tout 
point z de # étant intérieur 4 un ensemble de F, il y a au moins un nombre 
p> 0 tel que le sphéroide de centre x, rayon p, appartienne entiérement a 
un méme ensemble J de F. Soit pz la borne supérieure de p pour un point 
xz donné de #. (Si cette borne supérieure était infinie, tout H—et méme tout 
Vespace—serait couvert par un seul des J). Soit Sz le sphéroide de centre z, 
rayon p2/2; il est intériewr 4 V’un au moins, Iz, des ensembles de F. 

Pour démontrer le théoréme, il suffit donc de démontrer qu’il existe un 
nombre fini de points x de EF tels que tout point de H appartienne a l’un des 
sphéroides S,, en nombre fini, correspondants. 

Or, dans le cas contraire, soit a, un point quelconque de £; il existerait 
au moins un point a, de H n’appartenant pas 4 Sq, De méme, il existerait 
au moins un point a, n’appartenant ni a So, ni a So, Si on a formé une 
suite de points a,,°--, dn de E tels que a» n’appartienne 4 aucun des ensembles 
Sa, °**, Sa, alors il existerait aussi un point dn,, de H n’appartenant a 
aucun des ensembles Sz,,-°-, Sa, Ainsi le procédé devrait se continuer indé- 
finiment. Alors, on aurait une suite infinie J de points de F, a, a2, -:* tous 
distincts et tels que, quel que soit n, a, n’appartienne 4 aucun des ensembles 
Sa, °**, Sens 

Or puisque F est compact et fermé il y a au moins un point a de F qui 
est point d’accumulation de l’ensemble 7. Il y a donc une infinité de points 
de 7’, distincts, aussi voisins que l’on veut de a. Prenons en particulier an 
et pin & distances de a inférieures 4 pa/16. Alors pour tout point x & dis- 
tarice de a, au plus égale a p</4, on a Pee 


(a, a) < (a, an) + (dn, a) < po/2- 


Done, tout point d’un sphéroide de centre an, rayon p./4, appartient 4 9, et, 
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des Ensembles Abstraits. vai 


par suite, 4 ZJg. Il résulte alors de la définition de pa, que pa, = pa/4, et 
comme An4p D’appartient pas 4 Sz,, on aurait 


(Gnsp, An) = pa,/® 5 


alors que 

(Qnsp) &n) S (Gnsp, 4) + (Gn, a) < pa/8. 
On remarquera que cette démonstration est aussi simple que les démonstrations 
qui ont été données pour les espaces euclidiens. 


%. Ensembles parfaitement compacts. 


XL. Dans un espace (D), tl a identité entre la notion d’ ensemble compact 
(en soi) et celle densemble parfaitement compact (en sor) (page 317). 

Une premiére démonstration s’obtient par voie indirecte en s’appuyant 
sur ce que, dans un espace (D), tout ensemble compact et fermé posséde la 
propriété de Borel-Lebesgue et sur le théoréme de Chittenden d’aprés lequel 
dans tout espace (V ), tout ensemble possédant cette propriété est parfaitement 
compact en sol. 

J’ai aussi donné de ce fait, énoncé par M. R. L. Moore, une démonstra- 
tion directe (71, page 348) mais ou j’adoptais pour la notion d’ensemble par- 
faitement compact la définition de cet auteur. Il faut alors compléter par la 
démonstration de l’équivalence de cette définition et de la définition adoptée 
dans mon livre. Cette équivalence a été établie par MM. Alexandroff et 
Chittenden. 

On peut aussi donner une démonstration ne faisant intervenir que la 
définition des ensembles parfaitement compacts dérivée de celle due 4 MM. 
Sierpinski et Kuratowski, définition adoptée dans mon livre et utilisée ci- 
dessus. 

Il s’agit de démontrer que si H est un ensemble compact et si e est un sous- 
ensemble infini de FH, il existe un point a dont tout voisinage comprend a 
son intérieur une infinité de points de e ayant la puissance de e. Or s'il 
existait un tel point, il appartiendrait 4 la fermeture P= H+ H’ de FH. Cet 
ensemble est compact et fermé (34, page 4). Si H n’était pas parfaitement 
compact, alors pour tout point x de F, il y aurait un sphéroide S, de centre x 
ne comprenant 4 son intérieur qu’un ensemble de points de e de puissance 
inférieure 4 celle de e. Or F ayant la propriété de Borel-Lebesgue (voir 
XXXIX), ensemble F est couvert par un nombre fini des Sz. Done l’en- 
semble e est compris dans la somme des intérieurs d’un nombre fini d’ensem- 
bles, chacun de ces intérieurs ne contenant qu’un ensemble de points de e 
d’une puissance inférieure 4 celle de ¢. D’ow la contradiction annoncée. 

XLI. Soit U(x) une fonctionnelle uniformément continue sur un ensemble 
E compact et fermé. C’est-d-dire que: pour tout nombre « > 0,’ il existe un 
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nombre 7 > 0, tel que | U(x) — U(a’) | < pour tout couple de points z, 2’ 
de E£ dont la distance est <7. On peut couvrir H au moyen de sphéroides 
de rayon 7. Puisque # est compact et fermé, on peut couvrir # au moyen 
d’un nombre fini de ces sphéroides. On peut donc couvrir # par un nombre 
fini d’ensembles en l’intérieur de chacun desquels l’oscillation de U(x) soit 
inférieure 4 un nombre positif arbitraire «, donné d’avance. 

Réciproquement, supposons cette condition vérifiée. Alors, on peut cou- 
vrir Z au moyen d’un nombre fini d’ensembles H;, -:-, H, dans l’intérieur 
de chacun desquels l’oscillation de U soit < «/3, par exemple. Soient /, l’in- 
térieur de F,, prs la borne inférieure des distances des points de E - J, 4 ceux de 
EF: I, et » 1a plus petite de celles des bornes py,s (en nombre fini) qui ne sont 
pas nulles.* Si deux points a, b, de H sont a distance (a,b) < yn, ou bien 
ils appartiennent au méme J, et alors | U(a)—U(b) | <«/3 <.«, ou bien 
ils appartiennent a J, et J; tels que pr; 0. Dans ce cas, il y a une suite 
de couples ap, bp de points de HJ, et E- Is respectivement, tels que (dp, bp) 
tende vers zéro et, par suite, puisque H est compact et fermé, on peut extraire de 
cette suite, une suite de couples a,’, b,)’ convergeant vers le méme point c de EF. 

Ce point c appartient 4 un des J, soit J (distinct ou non de J, et de Is). 
Puisque c est intérieur 4 Hm, les points a)’, by’ seront aussi intérieurs 4 Em 
& partir d’un certain rang g. Alors on aura 


(1) | U(ap’) —U(by’) | < «/3, | U(a) —U(ay") | <€/3, 

| U(bp’) —U(b) | <«/8 
pour les trois couples de points appartenant respectivement 4 H-J», H-I,, 
E:I,. Dou 
(2) | U(a) —U(b) | <e. 
Ainsi, la condition nécessaire et suffisante pour qu'une fonctionnelle U, définie 
sur un ensemble E' compact et fermé, y soit uniformément continue est que, 
pour tour nombre «> 0, il existe un nombre fini densembles couvrant E et 
dans Vintérieur de chacun desquels Voscillation de U est infériewre a « (page 
279). 

On pourrait se demander si l’on pourrait supprimer dans cet enoncé les 
mots “a Vintérieur de.” On ne pourrait les supprimer purement et simple- 
ment, car alors toute fonctionnelle bornée serait uniformément continue, 
comme on le voit en considérant H comme la somme des ensembles FH, ot 
awe = U(x) < (a+ 1)e et ot a ne prend que des valeurs entiéres (> 0, 
<0ou =0). 


UNIVERSITE DE STRASBOURG, 
December 29, 1926. 





* Si tous les p,, sont nuls, on prendra 7 = 1, par exemple. 
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On Certain Points in the Theory of Dirichlet 
Series. 
By J. F. Ritrr 





The results of this paper, all of which deal with Dirichlet series, bear 
upon the following topics: 


I. Picard’s Theorem. 
II. Integral functions. 
III. Asymptotic convergence. 


The results under each topic are given at the head of the section dealing with 


that topic. 
I. Prcarp’s THEOREM. 


1. Statement of results. We consider, in this section, a function f(z), 
(z =a + wy), analytic in a half-plane x = R, and representable in a half-plane 
x<TZR by an absolutely convergent series 


(1) Ao + aye +--+ ++ ane +: - a, 
where 
Oc at ** <a ++ +5 Ee aoe, 
n->0o 

We use positive coefficients for z, rather than the customary negative ones, 
in order to heighten the similarity between our results and the corresponding 
known results on functions defined by Taylor series. No knowledge of 7’ is 
needed other than that of its existence. 

The value ay will be attributed to f(z) for z—— o. 


Theorems I and II, below, generalize respectively the theorems of Landau 
and of Schottky. We call particular attention to the fact that, in those theo- 
tems, the ’s which follow 4,, and the extent of the region of convergence of 
(1), do not figure. The proofs, based upon the use of a modular function, 
are very parallel to the non-elementary proofs of the Landau and Schottky 
theorems.* Theorems IV and III, lemmas to Theorem II, are generalizations 
of Schwarz’s lemma, and of the theorem that the modulus of a function ana- 





* More novelty of detail will probably be found in the proofs of Theorems III, VI, 


X, XI, XII than in the other proofs. 
%3 
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lytic in a circle assumes its maximum on the circumference. A theorem like 
Theorem III, but dealing only with exponential polynomials, is given by Bohr.* 


TurorEM I. Let f(z), analytic for c=R, be representable, for 
z<T=R, by an absolutely convergent series (1). There exists a function 
L (do, a1, A1) such that, if R > L(do, ai, 41), then f(z) takes on at least one 
of the values 0 or 1 in the half-plane x= R. 


TuHerorEM II. Let f(z), analytic for cSR, be representable, for 
a<T=R, by an absolutely convergent series (1). Let 6 be a variable 
assuming all values greater than zero. There exists a function S(do, rr, 8) 
such that, if f(z) is nowhere zero or unity for x S R, we have | f(z) | < 8 for 
2z=R—8. 


It should be noticed that S is independent of R. 


TuHeEoREM III. Let f(z), analytic, bounded and non-constant for x S R, 
have an absolutely convergent development (1) forxz@<TSR. Let M(z) 
represent, for x= R, the least upper bound of | f(z) | on the vertical line of 
abscissa x.t| Then M(x) ts an increasing function of x forx=R.t 


TueorEM IV. Let f(z), analytic, with | f(z) | Sh, (h arbitrary), for 
es R, have, forx<T SR, an absolutely convergent development 


f(z) =aye* +--+ > + ane +- 
with 
O<AL< °° <SAn<* °°: lim A= oo. 


nC 
Then, forz< R, 
f(z) Shewew, 


equality being possible only in the case of f(z) = a,e™*. 


2. Proof of Theorem I. Suppose that f(z) is nowhere zero or unity 
for r=R. Then a,~0,1. 

Let »(z) be a function, with »(0) =a, which maps the circle |z| <1 
upon the entire plane with the points 0, 1, « removed. Let y(z) be the in- 
verse of p(z). 

Taking that branch of v(z) for which v(a)) = 0, let us form the function 
v[f(z)]. As f(z) assumes none of the values 0, 1, o, which are the only 





* Acta Mathematica, Vol. 47 (1926), p. 245. 
+ M(a) is the least upper bound of f(# + ”) for # fixed and —<y< +o, 
tif o, <a, M(a,) < M(a,). 
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singular points of v(z), v[f(z)] will be uniform, analytic and less in modulus 
than unity, for ¢S R. 

As a) ~ 0, 1, v(z) is developable in a Taylor series in z— 4p. Because 
the development (1) of f(z) is absolutely convergent, we can get a develop- 
ment for v[f(z)], absolutely convergent in some half-plane, by substituting 
(1) for z, formally, in the expansion of v(z) about a. We find thus, as 
v(ao) = 0, 

(2) v[f(z)] =v’ (ao)are* +-°-°. 


The coefficients of z which follow A, are linear combinations of the 4’s in (1) 


with positive integral coefficients. 
As the development in (2) has a half-plane of absolute convergence, and 
as | v[f(z)] | is bounded for «= R, we have the following expression for the 


coefficient of e* in (2):* 


R+wt 
vif (2) Je™*de, 
R-wi 


—W 


v’ (do) a, = lim (1/2?) 


The integration is performed along the line = R. 
Thus, as | v[f(z)] | <1, we have 


| div’ (ao) | < e™”, 
so that 
R < a—~ {log | av’ (do) |}/Ax. 


This proves our theorem. 


3. Proofs of Theorems III and IV. Let f(z) satisfy the hypothesis 
of Theorem ITI. 

A recent theorem of Doetsch + informs us that log M(z) is a downward 
convex function of for r= RF. By this, it is meant that if the points 
(x, log M(zx)) are plotted in Cartesian coordinates, then, if x, << 22 < 2s, 
the point (22, log M(a2)) does not lie above the line joining (2,, log M(2,)) 
and (23, log M(zs) ). 

Our first step will be to show that, for x close to — 0, M(x) > | ao|. 
This is obvious when a0. Suppose that a,)+0. We assume, without loss 


of generality, that a, 0. 





*Valiron, “Théorie générale des séries de Dirichlet.” Mémorial des Sciences 


Mathématiques. Paris, 1926, p. 15. 
{ Mathematische Zeitschrift, Vol. 8 (1920), p. 237. 
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We have for 2 < T, 
f (2) = do + aye* + eh (age? 4 agers +--+), 


As the series in parentheses converges absolutely for x < 7, and therefore, 
because of the nature of Dirichlet series, uniformly for  < 7 —8, (8> 0), 
we have 


f(z) =A) + a,e* = e(z) em, 


where, as 2 approaches — oo, e(z) approaches zero uniformly with respect to y. 
Let x be so close to — oo that | «(z) | <|a,|/2. For any such 2, we 
can find a y such that a,e™* has the same argument as ad). Then 


| f(@ + ty) | > | do + are? | — | a,e |/2, 
so that M(x) > | dp |. 


We now prove that M(a) is an increasing function. Suppose that a) + 0. 
We shall show first that M(x) >|a)| for every rR. Suppose that, for 
some 2, M(2,) S|a)|. Let v, and 2, > 2 be two numbers, less than 2 
and close to — o, for which M(z;) > M(z.). Such points exist, because 
M(x) approaches | a)| from above as r—>— 0. Then log M(z;) exceeds 
both log M(2,) and log M(z-), so that log M(x) cannot be convex downward. 
Thus M(2,) > | a |. 

Let now 2, and 2, > 2, be any two numbers, and suppose that M(z2,) 
= M(z2.). For 23 close to — 0, M(z;), being close to | ao , is less than 
M(a,). We see again that log M(x) is not convex downward. Thus M(2,) 
< M(22), so that M(x) is an increasing function. 

For the case a) = 0, it is at once obvious, because log M(x) is convex 
downward and approaches — oo with x, that M() is an increasing function. 
Theorem III is proved. 

We take now Theorem IV. Suppose that f(z) is not a,e“*. Then 
g(z) =e *f(z) satisfies the hypothesis of Theorem III. When r=—R, 
|g(z)|She*®, Hence, for x < R, | g(z) | << he™®, so that 


em | f(z) | chee, 





or 
f(z) | < heen, 


When f(z) =a,e*, if we take h = | a, | e“®, we get an equation, rather 
than an inequality. 


4. Proof of Theorem II. Suppose that. f(z) is neither zero nor unity 
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for cP. Then | v[f(z)] | <1 fore. This, and (2), make v[f(z)] 
satisfy the hypothesis of Theorem IV. Then 


vif(z)] Se’ 


for «= R—0O. As f(z) = pf (z), and as »(z) is bounded for | z| Se’< 1, 
we have an upper bound for | f(z) | for z= R — 6, depending on ap, A, and 0. 
Theorem IT is proved. 


If. IntTEeGRAL FUNCTIONS. 


5. Statement of results. We consider a non-constant function f(z) 
defined by a series 


(3) Ayo + ayem* +--+ tape t---, 
with 
OCA <*‘**+< a <’**s mao, 


n->0O 
absolutely convergent for all values of z. 
Of course, f(z) is bounded in any left half-plane, and therefore along 
any vertical line. Let M(a) be the least upper bound of | f(z) | along a 
vertical line of abscissa x We know from Theorem III that M(z) increases 
with z Then M(x) must increase indefinitely, for f(z) cannot be bounded 
in the entire plane. With respect to the growth of M(x), we prove, below, the 


THEOREM V. Jf M(x) Se” (lL=0), for all sufficiently large values 
of x, then f(z) ts an exponential polynomial in which the greatest coefficient 
of z does not exceed 1, that is, dn =0 for An > 1. 

We shall say that f(z) is of order p if, for every « > 0, we have, for x 
sufficiently large, 


M (za) < eet pre) 


and if, besides, there exists a sequence of values of x tending towards + oo 
for which 


M(2) > ee?" 


We shall say that a function f(z), of order p > 0, belongs to the type o 
of the order p if, for every e > 0, 


M(2z) < eter, 


whereas, for a sequence of z’s tending towards + oo, 


M(x) = e(o-e)eP®, 
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We shall study the influence of the coefficients in (3) on the rate of 
increase of M(x), placing upon the 2’s the quantitative restriction 


(4) lim inf An/logn > 0. 


n->00 


This assumption, frequently made in investigations on Dirichlet series, holds, 
for instance, for ordinary Dirichlet series > ann*. 

The problem of determining whether f(z) belongs to a certain order, 
differs in no material respect from the corresponding problem for integral 
functions defined by power series. This is due largely to the crudeness with 
which the order of a function measures its modulus. One has only to follow 
the power series investigation,* using (5), below, to establish the following 
result : 


For f(z), defined by the everywhere absolutely convergent series (3), 
for which (4) holds, to be of order p, it is necessary and sufficient that 


p =— lim sup (An log An) /log | an |. 
n->0CoO 


On the other hand, the determination of conditions for f(z) to belong to 
a certain type of a given order, presents essentially new features over the 
power series investigation. We prove, in this connection, the 


THEOREM VI. For f(z), defined by the everywhere absolutely convergent 
series (3), with (4) holding, to belong to the type o of the order p, where 
o> 0, tt is necessary and sufficient that 


<< n+1 
lim sup n}/e > |a| yu = (cep)1/?. 
n-—>0O A\y=n 


The summation is over all 7’s for which n= Aj <n +1. 
For o= 0, the condition is necessary, but it is sufficient only if f(z) is 
not of order less than p. 


6. Proof of Theorem V. Let f(z) satisfy the hypothesis of Theorem V. 
We have, for any R, 


R+wi 
(5) n= lim (1/2wi) A f(z) er dz. 
w->0o R-wit 


Thus, for x large, 
| dn | S ewe, 


so that an = 0 if A, > 1. 





* Bieberbach, Lehrbuch der Funktionentheorie, Vol. 2, p. 228. 
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%. Proof of Theorem VI. Let f(z) be defined by the everywhere abso- 
lutely convergent series (3) for which (4) holds. Let (z) represent the 


series 


ayes ee 
which, because of (4), converges forx > 0. Let 

(6) gz) —= [aol] e+: ++ anf em te > +, 
We shall prove that, for h > 0 and z arbitrary, 

g(z@—h) Sé(h) M(x), 


where M(x) is the least upper bound of | f(z) | on the vertical line of 
abscissa 2. 


In short,* by (5), | an] S M(x) ec". Thus, by (6), 
g(ex—h) SM (az) (1+ e*"+--+-) =&(h) M(z). 


We shall show that if f(z) belongs to the type o of the order p, then g(z) 
belongs to the type o of the order p. Let f(z) belong to the type o of the 
order p. The least upper bound of | g(z) | on a vertical line of abscissa 
is g(x). Now, fore > 0, h > 0, and for = large, 


log g(x) S log é(h) + log M(x +h) < logé(h) + (o + €) er™™ 
= log &(h) + e*(o + €) oP. 
An e having been selected, let h be taken so small that 


eho +e) << o+ Re. 
Then 


log g(x) < log é(h) + (0 + 2)". 
If, now, keeping ¢ and h fixed, we make x large, we have 


log g(r) < (a + 3e)e°2, 


so that g(z) satisfies the first condition for belonging to the type o of the 
order p. Furthermore, as g(x) = | f(z) |, the second condition is also satis- 


fied by g(z). 
Let 
Ag<Cnt+1 
o=> lal, (n=0,1,:--). 
Ag=n 





* We put A, = 0. 
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Then, for z > 0, 


g(x) 2 eo+ cre? +° > ++ ene +°°°, 
g(x) < coe” + ce? +> +f ener: --, 


From the first inequality, we see that the integral function > ¢nz” satis- 
fies the first condition for belonging to the type o of the order p in the ordi- 
nary sense of the theory of integral functions. The second inequality shows 
that > cnz"*! satisfies the second condition. But if either power series satis- 
fies one of the conditions, the other does also. Hence, to ask that f(z) belong 

‘ to the type o of the order p, in the sense of this paper, is to ask that ¥ ¢nz” 
belong to the type o of the order p in the crdinary sense. This gives our 
theorem immediately.* 


III. Asymptotic CONVERGENCE. 


8. Statement of results. We deal with series of the type 


(7) Ao ++ a,e-™* + Ane r2* + a tate + ne >* + poe, 
with 
O0<A << An<' ss lima, 
n->0O 
making no assumptions as to the convergence of the series. 

Consider any domain containing points of arbitrarily large x, and a func- 
tion f(z) defined for all points of this domain whose z’s exceed some value. 
We shall say that f(z) is asymptotically equivalent to (7) in the given domain 
if, for every n, 


f(z) = do + aye Ee +t ane A en (z) em, 


where e,(z) approaches zero, uniformly with respect to y, as x increases indefi- 
nitely. We shall write, putting A, = 0, 


f(z) ~ S ane". 


For domains, we shall use generally, in this paper, sectors of the type 
|ampz|=¢7/2. We shall call such a sector a sector of opening 2¢. 
It will be understood that f(z) is analytic for all sufficiently distant points of 
the sector. 

Our results follow. 





* Bieberbach, loc. cit., p. 231. 
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TuEroREM VII. If the series S\ane* has a domain of convergence, 
then the function f(z) represented by the series is asymptotically equivalent 
to the series in any sector of opening less than x. 


TueorEM VIII. If f(z) ~ Sane and g(z) ~ > dre, then f(z) 
+ g(z) and f(z) g(z) are respectively equivalent, asymptotically, to the sum 
and to the Dirichlet product of the series for f(z) and g(z). 


It is unnecessary to specify a domain in Theorem VIII. The proofs of 
both items of that theorem are analogous to the proofs of the corresponding 
results for power series, and will be omitted. The result on multiplication 
has a special interest, in view of the fact that the product of two Dirichlet 
series may diverge at points for which both converge. 


THEoREM IX. If f(z) ~ Sane” in a sector of opening 2, then 
f’ (2) ~ S—Andne* in any sector of opening less than 2¢. 


Theorem IX is analogous to one which we proved several years ago for 
power series.* It will be seen that the proof really applies to more general 
domains than sectors. 

THEOREM X. Let 

lim inf An/logn > 0. 


Let f(z) ~ Sane in a sector of opening 7 Then Sane converges 
absolutely to f(z) in some half-plane. 


Theorem X, more hidden than those which precede, generalizes the theo- 
rem that a power series which is asymptotically ‘equivalent to an analytic 
function for a complete neighborhood of oo converges for large values of the 
variable. 


THEOREM XI. If f(z) and g(z) are both equivalent asymptotically to 
Dd ane, with unrestricted d’s, in a sector of opening x, then f(z) = (2). 


THEOREM XII. (Existence theorem.) Jet Ai, d2,° - +, be any sequence 
of positive numbers, increasing towards co, and ay, d2,:* *, be any numbers. 
The series 

oO 
(8) > Ane "2 (1 —bnz log 2), 
n=1 


where the b’s are so taken that, for every n, bn < 0 and 


| Andy | < 7, 





* Bulletin of the American Mathematical Society, Vol. 24 (1918), p. 225. 
6 
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converges, for points of sufficiently large modulus, in any sector of opening 
less than x, to @ function asymptotically equivalent, in that sector, to 


> An g7Anz a 


The coefficient of 1 in log z is understood to be taken between — 7 and z, 
The series (8) is similar to a series which we used some time ago for 
the construction of a function with any desired derivatives at a point.* 


9. Proof of Theorem VII. The proof of Theorem VII is contained, 
in principle, in the proof of the familiar theorem that the series for f(z) 
converges uniformly in any sector of opening less than z.t+ 

No generality is lost in assuming that the series converges for z —0, 
In fact, if the series converges for z= # > 0, we can deal with the function 
f(2+8). The equivalence of f(z+ R) to Sane" ec will imply that 
of f(z) to Sane’. This is because the distant points of any sector of open- 
ing 2¢:< 7, with vertex at the origin, are contained within any sector of 
opening greater than 2¢ with vertex at R. 

We take any sector, with vertex at the origin, of opening 2¢ < z. 


Let 


oo oo 
fn(z) = S age*, Ayp== S ay. 


nt+1 n+1 
Then, by partial summation, 


foe) 
t'n(2) = Ane rn? ~ A; (en? — ez), 
n 


Nga New 
eMue— e-e | = ze“du | = |2| f e-¥? du 
Mi 


AY 
= (| 2 |/2) (ee — ohne), 
As the series for f(z) converges for z 0, there exists an h > 0 which ex- 
ceeds every | A; |. Then 
[ra(2) |< here t (hz |/2) (ee — eres) 
=h(1+|2|/c) ernne 
<h (1+ sec g) en, 


Now 





Because Ans1 > An, it is plain that e* r,(z) 0 as x—> o in our sector. 
This proves the theorem. 





* Annals of Mathematics, Vol. 18 (1916), p. 18. 
¢ Valiron, loc. cit., p. 5. 
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10. Proof of Theorem IX. We have 


f’ (2) =— Arare™* —* + + — Anne * + eh (— Anen(2z) ++ & €n(Z)). 


Consider any ¢ of large modulus in a sector of opening less than 24. The 
modulus of the derivative of en(z) for z=, does not exceed the maximum 
modulus of en(z) on the circle |z—£|—1. Hence the derivative of en(z) 
approaches zero as z—> oo in the sector of opening less than 2¢. This proves 
our theorem. 


5. Proofs of Theorems X and XI. Let f(z) satisfy the hypothesis of 
Theorem X. There is an Ff such that f(z) is analytic and bounded for z= R. 
As we may replace f(z) by f(z-+ 2), we assume that Rk — 0. 

We shall prove, without using our assumption relative to the 2’s, that, 
for every n, 


(9) ay — lim (1/20i) / f(z) mdz, 


the integration being performed along the line + = 0. 
As 


f(z) = ao + ae + Re + ane* + en(z) er, 


where €n(z) —> 0 as 7 —> 00, we have 


(10) a f(z) ddz = f oe (ao ++ + an-se™2#) em? dz + 2wian + 


wt 
f €n(z) dz. 
~wt 


The first integral in the second member of (10) stays bounded as w > oo. 
If, then, we can show that 


(11) lim a (1/20i) fi « on(t) damn 


our formula for a» will be established. 


Let o be any positive number. We have 


(12) £ en(e)de— f” es(2) ds + fr e(2) da +f" én(2) dz, 


every path of integration being rectilinear. 


Any 7 > 0 being taken, let a o be chosen so that | en(z) | < » for rZo. 
Because f(z) is bounded for r=0, en(z)e** is bounded for r20. 
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Hence en(z) is bounded for 0S¢So.* Let N be an upper bound for 
| «n(z) | in this region. 

Then the first and third integrals in the second member of (12) have 
moduli not exceeding oN, whereas the modulus of the second integral is less 
than 2wy. Hence 


(1/2wi) f “ala) di 


If w is large, the second member of (13) is less than 2y. This proves 
(11), and gives our formula for ap. 

Let 
(14) 1'n(z) = f(z) — do — aye* —: +» — ane. 


(13) < oN/wo+ 7. 








We shall prove that there exists an S >0 such that rn(z) ~0 as n> «, 
ifz> 8. This will prove that the asymptotic development converges to f(z) 
in some half-plane. Furthermore, it is known that, for a Dirichlet series 
with lim inf A,/logn > 0, the existence of a half-plane of convergence im- 
plies the existence of a half-plane of absolute convergence.t Thus, our theo- 
rem will be proved. 

Let M be an upper bound for | f(z) | on the imaginary axis. We see 
from (9) that |@n | M. It follows from (14) that | r,(z) | has (n-+1)M 
for an upper bound on the imaginary axis. 

The function en(z) = e* 7,(z) is bounded for 720. We know from 
Doetsch’s theorem that the least upper bound of log | en(z) |, on a vertical line, 
is a downward convex function. Since log | en(z) |->~— 0, r—> oo, the 
upper bound of log | en(z) | must decrease as x increases. Then the upper 
bound of | en(z) | also decreases as x increases. 

For += 0, | en(z) | =| 1n(z) |, so that |en(z) |S (n+1)M. Hence, 
for z > 0, 

| raz) | =e | en(2) | <e# (n + 1). 


Our hypothesis with respect to An implies the existence of a +r > 0 such 
that An > + log n for every n. Then, for every n, 


| n(z) | << M(n+1)/n™. 


It follows that, for x > 1/7, rn(z) ~0 asn—o. This proves Theorem X. 
We now prove Theorem XI. Because (f(z) — g(z) )e* approaches zero 
as x —> oo, the upper bound of the modulus of that function on a vertical line 





* As well as for «>a. 
7 Valiron, loc. cit., p. 3. 
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decreases as x increases.: The upper bound for x—0* is, for any An, the 
upper bound of f(z) —g(z). Then, if « > 0, f(z) —g(z) must be zero, since 
| em | —> co as m—> 00. 


12. The existence theorem. We consider the series 


(oe) 
(15) > One® (1 — ebnz log s) 


n=1 
where, for every n, bn < 0 and 
(16) | anbn | << 2. 


We take any sector of opening 26 <7, (¢>0). For any z in this sec- 
tor, let z= re, with |6|<¢. Then 


(17) R(zlog 2) — R[ (a+ iy) (log r + 18)] 
= 2 log r— y8 


> «(log r— ¢ tan ¢). 
Thus, when z is sufficiently large, 
(18) R(z log z) > 0. 
Again, if z is a point of large modulus, in our sector, 
| zlogz| < | 2 |? 2? sec? 0 < a? sec? g, 
so that certainly, for | z| large, 
(19) | zlogz| < e. 


Let (18) and (19) both hold, in our sector, forz >o. We say that (15) 
converges uniformly in the sector, for 7 >. 
Let z be a point in the sector, with  >o. Consider any n for which 


(20) | an | S2| zlogz|. 
We have, by (18) and (19), 
(21) | ane~dn* (1 — ebnzlogz) | < 2-"| zlogz|-e%** (1 +1) 


< Q-n+1 g-(n-1) 2, 
Consider any n for which (20) does not hold. We have 


(22) | 1 — ebnz log 2 | = | bnz log z | + (1/2!) (| bnz log z \)2--- 
< | bnz log z | elbnz log al , 





*It is evidently legitimate to assume f(z) and g(z) analytic and bounded 
for «>0. 
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Using (16), and the fact that (20) does not hold, we have 








| bnz log z| << 2 es “%. 
so that, by (22), 
(23) | 1 — ebnzlogz | < | bnzlogz|-e. 
Then, by (19) and (23), 
(24) | dno (1 — ebm loz 2) | <e-| dnby | e-OrD2 


< Q-n e- e7An-1)e , 


From (21) and (24) we see that, for x >, in our sector, the terms of 
(15) are all less in modulus than the corresponding terms of 


ie,¢) 
(25) = Q-n e° e7An-L)e , 
n=1 
But (25) is evidently uniformly convergent for > 0. Hence (15) is uni- 
formly convergent, in our sector, for x > o. 
We show now that the function f(z) to which (15) converges is asymp- 


totically equivalent to > ane. 
It follows from (17) (last item), that as c— o, with z in our sector, 


(26) lim @* + gbnz log z — (0) 
for every X>0. We see from (25) that the remainder after n terms in 
(15) is of the form e,(z) e~)*, where en(z) > 0 as tr &. 
Taking any n, let p be such that A» > An +1. Then 
p 
f(z) — > aje7* (1 ae ebiz log 2) oe €p(z) e-Av-De, 
i=1 
For any 1 such that n << 1S p, we have 
aye? (1 ——. ebi2 log 2) = ni (2) enAnz, 


where 7i(z) ~0 as ro. Hence 


f(z) = > ae (1 — obs? one) + 8, (2) orm, 


n 
=1 


2. 


where 8,(z) >0as2—o. Then 


f(z) = > aje-* a, g7Anz > ae nade ° ebiz log z + 8n(z) en-\ne 
4=1 4=1 


and this, by (26), proves that f(z) ~ > ane in our sector. 


CoLUMBIA UNIVERSITY, 
New York, N. Y. 
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On a Theorem of Severi. 
By Oscar ZARISKI. 





1. In one of his memoirs published in the Mathematische Annalen,* 
Professor Severi undertook to prove the following theorem: 


Every correspondence between the points of the general curve of a linear 
system | C |, 00? at least, drawn on a regular surface, has a valence. In par- 
ticular every plane curve varying in a luiear system o* at least has only 
correspondences with valence (loc. cit., p. 516-517). 


Severi gives two proofs of this theorem, one transcendental, based upon 
the investigation of the abelian integrals of the varying curve C of | C |, 
and the other purely geometric. But in each of them the theorem is 
proved only under certain conditions which the author points out explicitly. 
Thus, in the transcendental treatment Severi assumes that when a curve of 
the system acquires a new multiple point, this point will generally be a nodal 
double point, while in the geometric treatment of the question he makes the 
hypothesis that the system | C |, supposed to be o*, should not have o*-1 
reducible curves. Since the two conditions seem to him to be independent, he 
draws the conclusion that in the definite statement of the theorem both can 
be omitted and therefore the theorem is true without restrictions. Investi- 
gating closer the geometrical proof of Severi, certain doubts as to the rigor 
of the procedure were brought forth. There is a single weak point in Severi’s 
reasoning. When this is eliminated, the necessary and sufficient conditions 
under which the result is true, can be completely formulated. The theorem 
thus limited still retains its importance, especially in that it is still able to 
prove the non-existence of singular correspondences on a curve of genus 
p > 0 with general modulus, which application was the first motive to Severi’s 
investigation. 


I formulate Severi’s theorem thus: 


I. If ina net |C| of degree n drawn on an algebraic regular surface 
the general curve C possesses a singular correspondence, the correspondence 
(n—1,n~—1) defined on C by the characteristic series gn? is broken up into 
several irreducible correspondences, and at least one of them is singular. 


I also show: 





*“Le corrispondenze singolari fra i punti di una curva variabile in un sistema 
lineare sopra una superficie regolare,” Mathematische Annalen, Vol. 74 (1913). 
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II. The above mentioned correspondences into which the correspondence 
(n— 1, n—1) 1s broken up form a base * on the general curve C, i. e. desig- 
nating them by M,,---:, Mz, for every other correspondence M on C 


AM + A.M, + as + AM, =0, 


where r, A1,° * +, Ax are integers, and XA 0. 

It may happen that the & correspondences M; are not independent. Then 
the number of correspondences forming a base is reduced. 

I further show that Severi’s theorem is absolutely true for simple linear 
systems (consequently at least o*), i. e., such that the curves of the system 
which pass through a given point P must not necessarily pass through other 
points varying with P. We have then the following theorem: 


III. On the general curve C of a simple linear system, drawn on a 
regular surface, all correspondences have a valence. 


2. Let | C| be a linear system, oo” at least, drawn on a regular surface 
F, and let us suppose that there exists on the general curve C a singular 
correspondence 7’, which can therefore vary continuously when C’ varies con- 
tinuously in | C|. In general the correspondence 7 will not be determined 
rationally on every C, i. e. while C' circulates in | C |, starting from an initial 
position and returning to it, 7 although preserving its indices will be trans- 
formed into another correspondence 7’, different from T. Severi shows that 
starting from 7 one can construct another correspondence also singular, which 
is rationally determined on every C. Possessing such a correspondence, which 
we shall call 7’, Severi reasons as follows: Let the curve C vary in a net H 
of degree n. Let x be any point on the surface # and let us consider the 
curve D, described by all the points y which are homologous to z in the corre- 
spondences 7’ relative to all the o* curves C passing through xz. Let Dz 
have a multiplicity s at the point x and the multiplicities /—necessarily equal 
due to consideration of symmetry—at each of the n —1 points z in which the 
curves C passing through 2 intersect outside 2 and the base points of the net. 
D, will also pass through the base points of the net with certain multiplicities 
which we can neglect because, when 2 varies on a fixed C,, they give rise to 
fixed intersections of C with D;. Varying z on a given C we obtain a con- 
tinuous system oo* of curves Dz, and since the surface is regular, the curves 








*On the concept of a base, see F. Severi: “Sulle corrispondenze tra i punti di 
una curva algebrica e sopra certe classi di superficie,” Memorie della Reggia Accademia 
di Torino, Vol. 64 (1903); “Sulla totalita delle curve algebriche tracciate sopra una 
superficie algebrica,” Mathematische Annalen, Vol. 62 (1906). 
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D, will be contained in one and the same linear system, by a well-known 
theorem of Enriques.* The curves D, will consequently intersect C in equiva- 
lent groups of points. One such group, for a given Dz, consists of the point z, 
counted s times, of the group Y of the points homologous to x in the corre- 
spondence 7’ on C, and of the group Z of the n —1 points z, each of which is 
counted ¢ times. We have therefor 


st+Y¥+tZ=sr’+ Y’+ 07’, 


where z and 2’ are any two arbitrary points of C. But sincex + Z=2’ +7’, 
we deduce 
Y + (s—t)t=Y’ + (s—t)z2’, 


which proves that 7’ has a valence s — ?t, which contradicts the hypothesis. The 
objection which may be raised against Severi’s reasoning is that it is not 
necessarily true that D, will pass through all the n — 1 points z of the group Z 
with the same multiplicity. It would have been so, if, when 2 circulates on C 
starting out from an initial position and returning to it, any point z could be 
transformed into any one of the remaining n — 2 points of the group Z, in other 
words, when the correspondence (n — 1, n —1) associating x and the points of 
the group Z is irreducible. But if this correspondence breaks up into several 
correspondences, and if we call 2,, 2.,° + °,  (r<m—1) the points homo- 
logous to x in one of these correspondences, all we can say is that Dz will pass 
with the same multiplicity through the points 21, z+ - +, 2-, but the multi- 
plicities relative to two different correspondences may well be different. 

Suppose that the correspondence (n—1, n—1) is broken up into k 
correspondences M,,:--, M; and let Z;,- +, Z, respectively be the groups 
of points homologous to x in the correspondences M,,- --, My. If we denote 
by ¢; the multiplicity with which the curve D, passes through the points of 
the group Z;, we will have instead of Severi’s relation the following: 


se+Y+1,Z,+° F -+ 2, = sv’ + Y’+ 4,7,’ +: 7 ~+ t,Z 3. 


We conclude that the correspondence 


sI+T+#4,M,+: : ~+ t.Mz, 


where I denotes the identical correspondence, has a valence, in symbols 


(1) I+T+t,M,+---+%M=0. 





* F. Enriques, “ Una proprieta delle serie continue di curve appartenenti ad una 
superficie algebrica regolare,” Rendiconti del Circolo Matematico di Palermo, Vol. 13 
(1899). 
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From this we conclude that if all the correspondences 7; (1 = 1, 2,° --, &) 
have a valence, then 7’ has a valence, and this proves our theorem I (§ 1). 
It is easily shown that the correspondences M,,- - -, Mx, or a certain number 
of them in the case where they are not independent, form a base, i. e. for any 
other correspondence M on C we have 


(2) AM +2,M, +: ++ +A =0, 


where A, Ar, °°, Ax \are integers and A=£0. In fact, if M is rationally 
determined on C then (2) is satisfied for \— 1, in virtue of (1).* If, how- 
ever, M is not rationally determined, we can construct, by Severi’s method, 
another correspondence M’, which is rationally determined on every C. The 
correspondence M’, constructed thus, is related to M by M’ =p,M, where p 
is a positive integer. Since 


M’ +A,M,+°: ‘ ‘+ r,M, =0 
we have also 


pM +d,M,+:--+AM,=0, 
which proves the theorem II (§ 1). 


3. In fact, one can give examples of nets of curves on regular surfaces, 


for instance, on the plane, in which the general curve possesses singular corre- 
spondences. There exist in the plane nets of harmonics or equianharmonic 
cubics,t and every such cubic possesses singular correspondences. Such nets 
of cubics have been studied recently by Miss Rossi (Rome) in her thesis. 
Miss Rossi finds an interesting class of nets of equianharmonic cubics with 
six base points, for which the characteristic series g,’ is cyclic, i. e. is generated 
by a birational cyclic transformation of third order. This is in accordance 
with our general theorem I, since in this case the characteristic series gives 
rise to a correspondence (2, 2) which, as it has to be reducible, breaks up 
necessarily into two singular birational transformations, one the inverse of 
the other. Note that these nets are generally deprived of a pencil of reducible 
curves. 

In the examples mentioned above, the curves of the net have the same 
modulus. We can show that this is general for nets of elliptical curves, i. e. 
if m a net of elliptical curves the general curve possesses a singular corre- 





* Note that the correspondence I can be eliminated from (1), since evidently 
I+M,+M,+---+M,=09. 

¢ See O. Chisini, “ Sui fasci di cubiche a modulo costante,” Rendiconti del Circolo 
Matematico di Palermo, Vol. 40 (1916). 
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spondence, the curves of the net have the same modulus. This is seen by 
considering the transcendental representation of a singular correspondence 7’ 
on an elliptical curve C. Let y™, y,---, y® be the homologous points 
of zin J. Then we have 


5, u(y’) =7u (zr) be a, (mod i ), 


where uw is an abelian integral of the first kind, the periods of which are 1 
end w, and z, 7, are constants. There exist also a known relation between 
7 and w: 


a=h-+ go, mw = H + Go, 


where h, g, H, G are integers and g~0, if T is singular. The intergers 
h, g, H, G are called by Severi the characteristic integers of the correspondence. 
The period » satisfies an equation of second degree 


(3) ge* -- (h—G)o— H = 0. 


If the curve C varies in a net in such a way that also the correspondence T 
varies continuously, the characteristic integers of 7 must remain unaltered, 
since they cannot vary continuously. Equation (3) shows that the period o, 
which is also the modulus of C,, does not vary with C. Q. E. D. 


4. We will show now that Severi’s theorem is applicable without restric- 
tions for simple linear systems (consequently at least «*). We have only 
to make a preliminary observation. Let us have on an irreducible curve C 
a linear involution g,’. We will designate by G the monodromic group of the 
d,', i. e. the monodromic group of the n-valued algebraic function y(z), 
which we obtain cutting the gn’ on C by the lines of the pencil z= const. 
It is known that G is transitive when C is irreducible. Let us consider the 
correspondence (n—1, n—1) defined by the g,*. If this correspondence 
is broken up into several correspondences, what can we say about the group G? 
It is evident that in this case the substitutions of G which leave one letter 
unaltered, do not permute transitively the remaining n—1 letters, i. e. the 
group G is only simply transitive. If, on the other hand, the correspondence 
(n—1, ~—1) is irreducible, the group G@ is at least doubly transitive. 
In particular, when the group G is the symmetrical group on n letters, then 
the correspondence (n — 1, n —1) is certainly irreducible. 

Let us take now on a regular surface F a linear system | C’|, at least 
co? and simple. With this hypothesis we are certain that taking in | C'| a 
general net, the characteristic series g,’ of a general C of the net is simple, 
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i. e. its groups are not composed of the sets of points of an involution of 
lower order, and therefore its monodromic group G will be primitive. On 
the other hand, if two curves of | C'| are tangent to each other at a point P, 
they will have a simple contact there, and will not have another point of 
tangency. Therefore the monodromic group G of the above mentioned char- 
acteristic series g,* will contain a transposition. The group being primitive, 
we deduce by means of a well known theorem in the theory of groups, that 
it will be the symmetrical group on n letters. That is sufficient to affirm 
that the correspondence (n—1, »—1) on the general curve taken in a 
general net of | C’| is irreducible, and hence, by the general theorem I, C 
does not contain singular correspondences. 

The application of this result to the proof of the non-existence of singular 
correspondences on a curve of genus p with general modulus is immediate. 
It is sufficient te show that there exist particular curves of genus p, which 
do not contain singular correspondences. This follows simply from the fact 
that for every value of p there exist simple linear systems of plane curves of 
genus p. In fact, given p, we determine the integer n such that 


(n—1)(n—2)/2 < pSn(n—1)/2. 


The curves of order n + 1 with n(n —1)/2 — pS n— 2 fixed double points 
form evidently such a linear system. 

In fact, the system contains degenerate curves gnii: broken up in 
d=n(n—1)/2—p lines forming a polygon whose vertices are at the d 
fixed double points and in n + 1— d = 3 arbitrary lines, hence the system is 
simple. The above mentioned degenerate curves dn, relative to different 
polygons do not possess a common part and other common double points out- 
side the d fixed points. Moreover the curves of the system are not composed 
of the curves of a pencil, due to the fact that these degenerate curves contain 
n -+-1—d arbitrary lines. Hence, by the theorem of Bertini, the system is 
irreducible and of genus equal precisely to p. 


THE JOHNS HOPKINS UNIVERSITY. 
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On Gierster’s Classnumber Relations. 


By J. V. UspEnsky. 





In the fifth of the papers published under the common title: “ Sur les 
relations entre les nombres des classes des formes quadratiques binaires et 
positives ” * I gave an elementary and purely arithmetical proof of Gierster’s 
classnumber relations. The exposition could have been greatly simplified had 
I known at that time the explicit expressions for certain numerical functions. 
Lacking these expressions I had to resort to indirect means to eliminate the 
numerical function whose expression was not known 4 priori, which made my 
method unnecessarily complicated. Recently I discovered the lacking expres- 
sions, which are by no means obvious, and this makes it possible for me now 
to present my proof in its simplest form. My method is based on certain 
very general identities which may be useful on many occasions, and I deem it 
advisable to reproduce those identities with their proof, inasmuch as the proof 
is very simple and does not require much space. 


1. The Fundamental Identities. Let F(z, y,z) be an arbitrary function 
defined for integral values of its arguments and satisfying the following con- 
ditions of parity: 

F(—2, Y, z)= F(z, y, z) 3 F(z, —¥f,—t) =— F(z, Y; z) ? 
and we suppose 
F(a, 0,2) =0 


whenever the middle argument y can assume the value 0. On the other hand, 
n being an arbitrary positive integer, we consider two modes of partition of 
this number, the first one being indicated by the equation 


(1) n= i? + 2d8 


where 7 may have any integral value, while d and 6 are supposed to be positive 
integers. The second mode of partition is indicated by the equation 


(2) n = h? + Ad’ 


where again h may be any integer, while A and A’ are supposed to be positive 
integers, satisfying the additional conditions 


A< A’, A’=A (mod 2). 





* Bulletin de VAcadémie des Sciences de VUSSR, No. 8-9, 1926. 
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This being so, let us consider the sum 
S =X {F[(A’+ 4)/2,(4’—A)/2, A—h] — Fh, (A’—A)/2, A—h)} 


extended over all the partitions (2). This sum may be naturally split into 
three parts S,, S2, 8; according to the positive, negative, or zero value of 
A’—A- 2h. It is easy to see that S; = 0 except when n is a perfect square 
= s* in which case 


8S; = & {F(s, j,8) —F(j,j,8)}, (j= 1, 2, 3,:-+,s—1). 
As to the part S2, it vanishes in every case. For, supposing that h, A, A’ run 


over the set of partitions (2) for which A’ —A- 2h < 0 it is obvious that 
the numbers defined by 


hy =— (A’+A)/2, A, = (A—A’)/2—h, Ai’ = (A’—A)/2—h 
reproduce exactly the same set. We have therefore 
S.== > {F[(Ar’ + 41) /2, (Ar’ — A) /2, Ay — hi] 
— Flhi, (Ar’ — A,) /2, A: — hy] }. 
But as 
F[(Ay’ + 41)/2, (Ar’ — A1)/2, Ar — hi] 
= F[—h, (A’—A)/2, A—h] = F[h, (A’ — A) /2, A—h], 
F[hi, (Ar’ — 41) /2, A: — hi] = F[—(4’ + A)/2, (A’ — A)/2, A—h) 
= F[(d’ + A)/2, (A’— A) /2, A—h), 


we get the equation 
S.=— 82; that is S. = 0. 


It remains to consider the part S, extended over the partitions satisfying 
the inequality A’, -—-A-+ 2h >0. Suppose we let h, A, A’ run over all the 
partitions of this kind. It is easy to see that the numbers 1, d, 8 defined 
either by 

i=A—h, d=A, 8=(A’—A+2h)/2 
or by 
i=h—A, d=(A’—A+2h)/2, 5=A 


reproduce all the solutions of the equation (1) satisfying either the condition 
$-+-i—d> 0 or the condition 5+-i1—-d <0. As in the first case we have 


F(8 +i, 8+i—d, i) =P[(a’ + )/2, (A’—A)/2, A—A], 


and in the second 


F(8+4,8-++-i—d, i) ——F[h, (A’—A)/2, A—A], 











} 
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it follows from the preceding remarks 
8,=>F(s+2, §+1—d, +) 


the sum being extended over all the partitions (1). The three parts of the 
sum S being thus transformed, we finally get the following important identity : 


(I) DF(8+i,8+i—d,i) => (F[(a’ +4)/2, (A’—A)/2, A—2] 
—Fih, (A’—A)/2, A—A]}+T, 


where the sums are extended over the partitions (1) and (2) respectively and 


T={ 2 (F(j, 7,8) — F(s,j,8))}, 
(j=1, 2, 3, “++, 8—I, n=s’,s>0), 


using the same abbreviated notation as in our paper: “On Jacobi’s arithmet- 
ical theorems concerning the simultaneous representation of numbers by two 
different quadratic forms.” * Repeating word by word the same reasoning, 
we can establish the second fundamental identity involving the function which 
satisfies the conditions: 


F(—2, y, 2) =— F(z, y, 2) ; F(#,—y, —2) = F(z, 9,2) 
F(z, 0,2) =0. 
This second identity is 


(II) SF(8+i,8+i—d,1t) => (F[(4’ + 4)/2, (A’—A)/2, A—f] 
+ F[h, (A’ — A)/2, A—h]} + T, 
where 
T={> (F(j,3,8)— F(s,j,8)), 
(j =1, 2, 3,---,s—1,n=s?,s>0), 


the extent of summations being the same. 

The identities (I) and (II) constitute the essential foundation of what 
follows. There are other important identities of similar nature which we hope 
to publish in connection with our investigations on incomplete numerical 
functions. 


2. Important Relation derived from (1) and (II). Let f(x) denote an 
absolutely arbitrary even function. We can take in the identities (I) and (II) 


F(a, y,2) = (—1)*?[(—1)* + (—1)"Jzf(2), 
F(z,y, z) aoa (—1)*/2[(—1)* + (—1)*]zf(z), 








* Transactions of the American Mathematical Society, Vol. 30 (1928). 
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respectively, provided y is different from 0; but in both cases 
F(a, 0, 2) = 0. 
Substituting furthermore 4n for n after a simple discussion we reach two fol- 
lowing equations. 
B (— 1) *0(8 + 26) f(8-+ Bi) — B (—1)*4(a" + A) f(A’ + A) — 
— 3 (1) evmevang a) + 8% (—1) 42) +7. 
= (— 1)**(8 + 2t) = ~ (— 1)™*2Af (A’ + A) 


—2 (—1)*A[(—1)4 + (—1)*] f (2h) — 
Ey Pe OA) + 8 Zl Fj — ba) + F 


(c) (d) 


The sums bearing the signs (a), (b), (c), (d) are extended over the partitions 
indicated below by the same signs, na. ie'y 


(a) n=?+d8; (0) n=h?+ AN, AN <A’; 
(c) 4n=h? + AA, A<A’,hodd; (da) n=7?+h,j>0,k>0, 


while 7 and 7” are both zeros except when n is a perfect square: n = s?, s > 0, 
in which case 


T= [(—1)jf(G)—(—1)9(1 + (—1)4) sf (28) J, 
T’ => [(—1)**/2sf(j)—(—1)*(1 +(—1)4) sf (28) ], 


the sums being extended over 7 — 1, 2, 3,: - -, 2s—1. Subtracting now the 
second equation from the first we come to an important relation 


(III) (—1) "(a — a) [f(a + 4)—F(2)] 
= & (—1) *alf(d + 21) —f(2i)] + 0, 


the extent of summations being as above and with the usual symbolism 


U = (E (—1)"1(2s— AIH) + (KI H(0)}, n=, 8 > 0. 


The preceding equation can be exhibited in a different form. Denote as usual 
by G(n) the classnumber of all quadratic forms corresponding to a given 
determinant —n, this number being diminished by % when n is a perfect 
square, and by % when n is a triple of a perfect square; moreover G(0) 
—=—¥%,. The notation F(n) will be used to denote the classnumber of 








it 
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those forms which can represent odd numbers, this number being diminished 
by % when 1 is a square of an odd number, while F(0) —0. Putting 


T(n) = 3G(n) —2T(n), T(0)=—¥% 
it follows from the well-known Kronecker’s classnumber relations 
(—1)" 57 (m—k) =2B (—1)*(a’—A), m—aa’, A<a’ 


the first sum being extended over all integers & whose squares do not exceed 
an arbitrary positive integer m. By means of the last equation it is possible 
to present the equation (III) in the following final form: put for brevity 


—y(m) = & (—1)* (a — a) f(@ + d) — 4(—1 )™ ST (m—h’) f (2h), 
the first sum being extended over all conjugate divisors of m satisfying the 


condition d < d’ while the second is extended over all integers h whose squares 
do not exceed m; with this notation adopted we have 


(IV) 2 (—1)*y(m—#) = 2-1) *4d[f(d + 2)— f(2t)] + W, 
the first sum being extended over all integers 1 satisfying the inequality 7? <n 


while the second sum is extended over all the solutions of the indeterminate 


equation 
zl n= + a 


with positive integers d and 8. As to W we have 


W = 0, when n is not a perfect square, 


28-1 
Wm (— 1) BC Te — EP) + Ce) 
+ [(—1)*/4] [f(?s)—f(0)] 
when n=s?, s > 0. 
For particular choice of an arbitrary even function f(x) the equation (IV) 
gives means to obtain different classnumber relations. In particular by taking 
f(z) = cos (2rx/3) or f(x) = cos (27x/5) we obtain Gierster’s classnumber 
relations of the third and fifth degrees (dritter und fiinfter Stufe) respectively. 


3. The Equation derived from (IV) when f(x) =cos (2ra/3). By 
taking f(x) = cos (27z/3) in the fundamental equation (IV) we obtain, as a 
consequence of this assumption, an equation from which Gierster’s relations 
of the third degree, and even more general, can be easily derived. To repre- 
sent the right-hand member of (IV) in a suitable form it should be remem- 
bered that the number of representations of any integer n by the form 


x? + y? + 32? + 37? 
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is given by the sum 
(— 1)" 1% & (—1)4d sin? (27d/3) 


extended over all the divisions of n. Hence, it is easy to see that the right- 
hand member of (IV) may be represented thus: 


re Zi 1)* 2S (— 1)" con (Rei /S) 
where the inner sum is extended over all solutions of the equation 
n—h? =7? + 7? + 3h? + 89? 


while A ranges over all integers whose squares are less than n. From the 
equation 


= (—1)"y(n—h*?) =— % & (— 1)" & (— 1) #4! cos (2/8) 
holding true for every n it follows necessarily 
W(n) ——%(—1)" Xcos(2ni/3), m= iP + 7? + 3k? + 32, 
that is 
> T(n — h?) cos (22h/3) 
= (—1)"2 > (—1)%(d’ — a) cos 2n(d’ + d)/3 + % S cos (221/38). 
On the other hand, we have 
> TP (n—h?) =2(—1)" > (—1)?(d’ —d), n=dd’, d<d 
whence it follows 
(3) > [3G (n — 9h?) — 2F(n — 9h?) ] 
= 2(—1)"¥ (—1)*(d’ —d) + % 3B cos (2ni/8), 
the first sum in the right-hand member being extended now over conjugate 
divisors of n which satisfy the conditions: 
(4) d<d’, d+d=0 (mod3). 
To the equation (3) we can adjoin another equation 
(5) 3 > [2F(n — 9h?) — G(n — 9h?) ] 
=¥%,N(n— 9+ y+ 248) 


as immediate consequence of Gauss’ theorem concerning the number of repre- 
sentations by the sum of three squares. Now from (3) and (5) we can derive 
the expression for both sums 


XF(n—9h?), YG(n— 9h’), 








mh 
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provided we can express their right-hand members in terms of the known 
numerical functions. But this makes it necessary to consider separately the 
three cases: 

n=0, n=2, n=1 (mod8). 


4. Discussion of the case n==0 (mod 3). In this case the condition 
d’ + d=0 (mod 8) requires that d’ and d should be separately divisible by 3 
so that we have to evaluate the sum 


o = (—1)"6> (—1)*(d’—d), n=9dd, d<d. 

Using the notations adopted by Kronecker 

}(n) = dd, n= dd’, 

U(n) => (d’—d), n=dd d<d, 
we find easily: for an odd n 

o=6 ¥(n/9) 
and for an even n 
o = 12%(n/36) — 126(n/36) +6 (—1)4d, n=9dd’. 
On the other hand, we obviously have 
> cos (27i/3) = N(n= 7? + 7? + 3h? + 37); 
and it is easy to verify that 
N(n— 92? + y? +248) — YN(n=a ty +e +e) + 
+ %N(n/9) =o ty +240). 

Thus we see that the right-hand members of (3) and (5) may be expressed 


by means of the known numerical function and there is no further difficulty in 
obtaining the following final expressions: for an odd n 


(6) E F(n— 9h?) = O(n) —©(n/3) + %¥(n/9), 
(7) E G(n— 9h?) = &(n) — %H(n/3) + 3¥(n/9), 
and for an even n 

(8) > F(n— 9h?) = X(n/3) — 36(n/36) + 3¥(n/36), 
(9) E G(n — 9h?) = 26(n/6) — 6O(n/36) + 6¥(n/36), 


where X(n) is defined by 
X(n)=Sd, n=—dd, 8 odd. 
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5. Discussion of the case n==2 (mod 3). In this case the condition 
d’ +-d=0 (mod 38) is always verified and we obtain for the sum 


o=2(—1)"> (—1)*(d —d), n=dd’,d<d, ad’ +d=0 (mod 3) 
the following expressions: for an odd n 
o = 2 (n) 

and for an even n 

o = 46(n/4) —46(n/4) +23 (—1)4d, n= dd’. 
Furthermore 

> cos (2271/3) = — YN (n =i? + 7? + 8k? 4+ 3/?), 
and 

NV (n= 90? + y+ 2+) = YN (n=o+y+2+F). 


It is easy now to arrive at the following final expressions: for an odd n 


(10) 2 F(n— 9h?) = 2¥(n), 

(11) E G(n—9h*) = ¥(n) — % O(n); 

and for an even n | 

(12) E F(n— 9h?) = v(n/4) — ©(n/4) + YX(n), 
(13) > G(n — 9h?) = 20(n/4) — ®(n/4) + Y%X(n). 


6. Discussion of the case n==1 (mod 3). The condition d’+d=0 
(mod 3) is never satisfied in this case, so that we have o — 0 using the same 
notation as above. Moreover 


Dd cos (271/83) = YN (n = 7? + 7? + 3k? + 3/?) 
but the expression for the number of solutions of the equation 
n= 927? + y+ 22+ ? 


is not so obvious in this case. However, there is no great difficulty in finding 
this number when n is even. For if n be even both the equations 


4n= 92? +y +242, n=—9P+yY4+27+4+? 


have exactly the same number of solutions, and it suffices to consider the first 
of them. Suppose we consider the totality of repreesntations of 4n by the sum 
of 4 squares. Let P, denote the number of representations where none of the 
squares is divisible by 3, Pz being the number of the remaining representa- 
tions (all the squares but one being divisible by 3). We have 
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Pi+P,=N(4n+e°+y+2+4#), 
34, P= N(4n = 97? oe y’ + g2 - i), 


and therefore the required number of solutions will be found as soon as we 
can find P;. But we can obtain all the solutions of the equation 


sno ty +e+e, 
where none of the numbers 2, y, z, ¢ is divisible by 3, by means of the 


formulas 
e=Etyn, y=i—y, e=f+0, t= f—8, 
where é, », ¢, 9 range over all the solutions of the equation 
ol a ee a 
subject to the condition that neither é-+-y nor + 6 is divisible by 3. But 
it is easy to see that there are exactly 
2N (2m — & +4? + 2 + 6) 

solutions of this kind. Therefore 

P,=4N(n=7 +y¥+?+?) 
and 

P,=4N(n= e+ y+e+e); 


whence 


N (4n = 92? + y? + 2? + 7?) ~YN(n=2 +4242). 


It is easy now to find in case of an even n=1 (mod 3) the following expres- 
sions for our sums: 


(14) x F(n— 9h?) = %X(n/2), 
(15) Y G(n— 9h?) = %O(n/2). 


We encounter greater difficulties in finding the number of solutions of the 
equation 


n= 9a? + yt + at tt, 


when n is odd. It follows from the preceding that the number of all solutions 
of the equation 


4n = 9277 + y? + 22+? 
is 6@(n) so that it remains to find the number of solutions of the equation 


dn = 9? + PEELE 











































102 USsPENSKY: On Gierster’s Classnumber Relations. 


in odd numbers 1, j,k, 1. For this purpose we write first the equation (3) 
in the form 


> [34 (n — 9h?) — 2F(n — 9h?) ] =YN(n = 9a? + y? + 32? + 32?) 

and, this being true for every n=1 (mod 3), it follows 
N (n= y? + 82? + 3t?) = 4[38G(n) —2F(n)], n=1 (mod 83). 
If, in addition to this n= 3 (mod 8), then G(n) = 44F(n) and 
N(n=y? + 32? + 3t?) = 8F(n) 
or, what is the same, 
N(n=y+2+ #) =N(n=y* + 32 + 3??). 

By means of this important relation we find 

R=N(4n=9? +7?+4+4+EP) 

= N(4n = 97? + 7? + 3k? + 3/7; 7 odd, 7 even). 
Now, the total number of solutions of the equation 
4n = 9x? + y? + 32? + 37?, 
where x and y are of different parity, being 8@(n) it remains to find the sum 
S= ZX (—1)" 


extended over all the solutions of the preceding equation with odd value of 
xz -+ y and this can be done by means of the equation (28) of our paper “ On 
Jacobi’s arithmetical theorems, etc.” which in the present case may be ex- 


hibited as follows: 
= (—1)* = {4s(s/3)}, k=s*, s>0 
the sum being extended over the solutions of the equation 
4k = 92? + y? + 32? with z odd. 
Applying this result we find 
S =8 > (s/3)s = 8e 
where the summation is extended over all solutions of the indeterminate 


equation 
n=s?-+ 307, s>0. 


The sum 8 being thus determined, we get 
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R= 48(n) — 4e, 
N (n = 92? + y? + 2? + t?) = 26(n) + 4o, 


and finally 
(16) TP(n— 9h?) = Y.9(n) + Yo, 
(17) x G(n— 9h?) = %@(n) + Yo. 


It is hardly necessary to add that the relations we have established contain 
Gierster’s relations of the third degree, which involve the numerical function 
H(n) = @(n) —F(n) 
representing the number of classes corresponding to a given negative dis- 


criminant — n = b? — 4ac. 


%. The equation derwed from (IV) when f(x) = cos (27x/5). Before 
giving the fundamental equation we can derive from (IV) by taking f(z) = 
cos (2r2/5) it is necessary to recall certain known results concerning the num- 
ber of representations by some quaternary forms. Let us denote by N,(n) 
and N,*(n) respectively the numbers of solutions of the equations 


a=2+y+2+ 50, na? + by? + 52? + 5. 
Following expressions may be considered as known 
Ni(n) = (—1)" & (— 1)? [5(a’/5) + (4/5) ] 4, 
Ni*(m) = (—1)" 2 (—1)* [(@’/5) + (4/5) 4, 


both sums being extended over conjugate divisions of n. Considering the 
equation 
Qn = x + 2y? + 52? + 107? 


and denoting by NV.(n) the number of its solutions we have 
N2(n) = (—1)"2 & (—1)9(d/5)*d 


Using now the expressions for Ni(n), Ni*(n) and N.2(n) it is easy to find 
the equation 


> (—1)4d[1— cos (2rd/5) | 
= (—1)"[54N2(m) + (5%/16)Ni(n) — (5°7/16)N.*(n) J 
holding true for every n. This equation will serve us to transform the right- 
hand number of (IV) where we assume f(x) —cos (27z/5). Proceeding 
exactly as in § 3 we can obtain the following fundamental equation: 
> [8G4(n — h?) — 2F(n — h?)] cos (42h/5) 
= hoy -. hoo — (55/7/8) a5 on 204 
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where o1, o2, 03, 0, denote the following sumsythe extent of summation being 
shown behind the expression of the corresponding sum: 

o1= 2 cos (4ry/5), na? +y’? +2? + bt? 

o2=)> cos (4027/5), n=2?+y,.+2?+ 5? 

o3 => cos (4077/5),  n=2? + 5y? + 52? + 5H? 

og—= (— 1)" & (—1)*(d—@’) cos [ (2/5) (d’ + d)], 

n=dd, d<d’. 

Now, putting 


05 => cos (4rz/5), n=2?+y+74+F? 
we have by Gauss theorem 
> [2F (n — h?)— G(n — h?)] cos (4rh/5) = Yoos 


whence and from the preceding equation it follows 


(V) 4. F(n—h?) cos (42h /5) = 5401 + (5%/8)o2— (5°2/8)03 + Yyos + 20 


What remains now is to express different sums in the right-hand member of 
this equation by means of certain standard numerical functions. This can be 
easily done in case when n=0 (mod 5) both the remaining cases n= + 1, 
n==-+ 2 (mod 5) requiring more elaborate investigation. 


8. Discussion of the case n=0 (mod 5). First it is obvious that for 
n divisible by 5 


o, = N(2n = 2 + 2y? + 52? + 102?) = N2(n). 
Second, in this case it is easy to find the number of solutions of the equation 
n= 2? + y? + 2? + 5? 


where x satisfies one of the congruences: s==0, +1, + 2 (mod 5), and to 
compute the sums o, and o;. We find 


o2 — 503 = —4N,*(n). 


As to the sum oy, it has different expressions according to the parity of n, 
namely for an odd n 


o, = 2564 (0/25) — LY(n) + (54/2)Ni*(n) —5% > (d’ + d)/5; 
n==dd’, d<d’, 












UspPENSKY: On Gierster’s Classnumber Relations. 


while for an even n 
o, = 25¥(n/100) + 2546(n/50) — ¥(n/4) —%O(n/2) 
+ (54/2)Ni*(n) + 2(5%) & [(d’+d)/5]d; n=—4dd',d<d. 
To evaluate the sum o; we notice first that in the equation 
m— a+ y+ 2+ t 


either all numbers 2, y, 2, t are divisible by 5, or only two of them or none. 
Let us denote by Q the number of solutions where 






















2’=1, y=—1, z=0, t=0 (mod5), 
and by Q, the number of solutions where 
’=1, Y=1, ?=—1, ?=—1 (mod5). 
The obvious relation | 
129 +60, —=N(n—2? ty? +2240) —N(n/—2+y4+24 2) i 


enables us to express Q, in terms of Q and known numerical functions. After 
a simple discussion we find { 


os = 1549 + 5448(n/25) — %8(n) for an odd n, i 
os = 1540 + 15446(n/25) — %@(n) for an even n, yi 


denoting by ®(n) the sum of odd divisions of n. 
Introducing these various expressions into the equation (V) and separ- 
ating rational and irrational parts, we get first 


(18) 2 (h/5) F(n—h’?) =X [(d’ + 4)/5]d, n=dd’, d<d, 


2 Oy, 





for an odd n and | 
(19) > (h/5) F(n—h?) =—2> [(d’+d)/5]d, n=—4dd’, d<d’ : 


for an even n. 
The equation obtained by equating rational parts, combined with Kron- 
ecker’s relations 


> F(n—h?) = %4(n) + %Y(n) for an odd n, 
> F(n— h?) = X(n) — O(n/4) + ¥(n/4) for an even n, 





gives in case of an odd n 


: > F(n— 25h?) = %[B(n) —54(n/5)] 
+- 540(n/25) + %40(n/25) + %9Q. 
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But the sum 
W2(n/25) + %Q 


represents 1/16 of all solutions of the equation 
n=27? + y? + 2? + 252?, 

so that, denoting this number by R(n), we have 

> F(n — 25h?) = h[H(n) — 5B(n/5)] + Yek(n) + %¥(n/25) 
or, which is the same, 
(20) 2 F(n— 25h’) = AN (n) + AeR(n) + BY(n/25). 
For an even n the expression for the corresponding sum is 
(21) YF(n—25h?) = YN, (n) + YeR(n) + %4H(n/50) + 5¥(n/100). 


The equations (20) and (21) involve the numerical function R(n) together 
with other simple functions depending only on divisors. It seems very diffi- 
cult to reduce R(n) im case of an odd n to some simpler functions; never- 
theless the equation (20) even in this imperfect form may be of great use. 
For an even n it is possible to find a simple expression for R(n). For an 
even n we have 


> cos (27é/5) —= > cos (2rx/5) cos (2ry/5) 
the sums being extended over solutions of the equations 
mE +P +O +O, n=wt+yte+e 


Now it is possible to express the left-hand member in terms of Q(2n), Q1(2n) 
and the known numerical functions, and the right-hand member may be in the 
same way expressed by means of Q(n) and Q:(n). Thus we get the relation 


3Q(2n) — Q1(2n) =— 14Q(n) — %Qi(n), 
or, changing n into 2n, 


9Q(n) — 3Q:(n) =— Q(2n) — 2Q,(2n). 


But 
— Q(2n) — Qi (2n) = — 2[4(n) — $(n/25)]; 
therefore 
3Q(n) + Q1(n) =— %[o(n) — o(n/25)], 
and 


2Q(n) + Qi(n) = 4[4(n) — $(n/25)]; 
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whence it follows that 


Q(n) = AQi(n) = %[o(m) — o(n/25)], 
and 


R(n) =4[$(n) + 56(n/25)] — 24$(n/5). 


It remains to introduce this expression into (21) to get after all reductions 
the final expression for an even n: 


(22) DL F(n— 25h?) = &(n/4) — 46(n/20) + 26(n/d) + 5¥(n/100). 
As soon as we have (20) and (22) it is easy to find the expressions for the sum 
> F(n— h?) 


where h ranges separately either over quadratic residus or non-residus mod- 
ulo 5. But it is hardly necessary to give final expressions. In the following 
reference will be made to the number of representation of an even number by 
the form 


x? + y? + 52? + 52? 


which can be easily derived from what has been established. For, starting 
from the relation 


N(Sn— 2? + y?) +N(n/5—=2' + y3) =2N(n—2* +’) 
we find first 
2N (n = 2? + y? + 52?) 


= N(5n =a? + y? + 2522) + N(n/5 = a2? + y? +2) 
and then 


2N (n = 2? + y? + 52? + 52?) 
N (bn + 2? + y? + 252? + 2507) + N(n/5 = 2? + y? + 2? + #?) 


whatever n may be. Now supposing n even we have 
N(5n = 2? + y? + 252? + 254?) = 2Q(5n) + 246(n/5) 5 
and using the preceding expression for Q(5n), 
N(n =a? + y’ + 52? + 5t’) = %4[$(5n) —o(n/5)] + 244(n/5), 
or supposing n= 58m, m non-divisible by 5, 
N(n=2? + y? + 52? + 5t?) = 2[541 — 3] ¢(m). 


9. Subsidiary developments. Trying to evaluate the right-hand mem- 
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ber of (V) when m=+1 or ==+2 (mod 5), we meet with greater diffi- 
culties. These difficulties arise from the fact that the indeterminate equations 
Qn = a? + 2y? + 52? + 1022, 
=a yo + Be, 
wm +9 +P 4? 
possess different types of solutions and it does not seem easy to determine the 
number of solutions belonging to these various types. The equation ~ 


an = 2? + 2y? + 52? + 102?, 


supposing n==+ 1 or + 2 (mod 5), may have solutions where z or y are 
divisible by 5. Let us denote the number of such solutions by T(n), the 
number of the remaining solutions being denoted by T’(n), so that 

T(n) + T’(n) =N,2(n). 
Similarly the equation 


n= 2? + y? + 2? + 5? 


may have solutions where none of the numbers z, y, z is divisible by 5, while 
in the remaining solutions one [in case n==-+ 2 (mod 5)] or two of these 
numbers [in case n= + 1 (mod 5)] are divisible by 5. Let us introduce the 
notation U(n) for the number of solutions of the equation 


n = x? + 25y? + 252? + 5e? 
in case n== +1 (mod 5), and of the equation 
n= ao? ty? + 252? + Be 
in case n==+ 2 (mod 5). Finally the equation 
n=2?+y?+ 22+ 7 


possesses three different types of solutions, namely, solutions where none of the 
numbers x, y, 2, t is divisible by 5, or only one of them or more than one. 
Corresponding to the case n == + 1 (mod 5) Q(n), Q:1(”), Q2(m) will denote 
the number of solutions satisfying the respective conditions: 


Vel, esl, ®@esl1, ?==1 
Vesti, Yeti, 2@=s1, ?=0 (mod 5) 


e’et+i1, y=, 2? =0, t? = 0 


the upper and lower signs corresponding to those in the congruence 
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n=-+1 (mod 5). In the case n=-+ 2 (mod 5) the same notations will 
be used to denote the number of solutions satisfying the conditions 


Veatil, y’ —e' 2=+1, ?==1 
Vel, Y=eszl, 2==1, ?=0 (mod 5). 
Ves+1, yv=+1, =, ?=0 
For an even n we have the relation 
(23) Q(m) + 12Q:(n) + 4Q2(n) = 2496(n) 
when n == + 1 (mod 5) or the relation 
(24) 2Q(n) + 2Q1(n) + 3Q2(n) = 12¢(n) 


when n == + 2 (mod 5). Moreover, starting from the relation 

N(n = 2? + dy? + 527) = WN (n=—2?+y?+ 2) when n=+ 2 (mod 5) 

which can be easily verified, we find 

Q:(n) + Q2(n) = YN (n= a? + y? + 52? + 54?) when n=+1 (mod 5) 
Q(n) +Q2(n) = N(n=2? + y? + 52? + 5t?) when n=-+1 (mod 5) 


so that for an even n 


Q1(n) + Q2(n) =24(n), n==+ 1 (mod 5) 
Q(n) + Q2(n) =44(n), n==+ 2 (mod5d). 





Combined with the preceding relations these relations permit to express Q(n) 
and @,(”) in terms of Q2(n) when n is even, but Q.(n) remains unknown, 
and it seems very difficult to reduce it to some simpler numerical functions. 
For an even n we have the obvious equation 


> cos (2272/5) = > cos (2ré/5) cos (2xn/5) 
the sums being extended over solutions of the respective equations 
Mme ty te te, nt Pte +H 


Now it is possible to express the left-hand member of the preceding equation 
as a linear function of Q(2n), Q:1(2n), Q2(2n) while the right-hand member 
| is a linear function of Q(n), Q:(n), Qo(n). Equating the rational and irra- 
tional parts, we get two linear equations from which we can eliminate Q(2n) 

by means of (23) or (24) and solve the resulting equations for Q,(2n), 
Q2(2n). 


This way leads to the following results: for an even n==+1 (mod 5) 
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Q(2n) = 2Q1(n) = 46(n) — 2Q2(n), 
Q1(2n) = Q1(n) = 26(n) — Q2(n), 
Q2(2n) = 4¢(n) —2Q,(n) = 2Q2(n), 


while for an even n== + 2 (mod 5) 


Q(2n) = 402(n), 
Q1(2n) = 26(n) — 14Q2(n), 
Q2(2n) = %4Q2(n). 


The equation connecting Q.(2n) and Q.(n) may be also written as follows: 


(25) Q2(2n) = 74[5 + 3(n/5) ]Q2(n) 


provided n is even non-divisible by 5. In a similar way we can find the 
expressions for Q:(4n), Q2(4n) in terms of Q,(n), Q2(n) for an odd n. The 
final expressions are as follows: for n==+1 (mod 5) 


Qi(4n) = 3Q1(n), Q2(4n) = 26(n) —3Q,(n), 


and for n= +2 (mod 5) 
Q:(4n) = 2¢(n) — 32Q2(n), Q2(4n) = 3Q2(n). 


10. Expression for T(n). . Our next aim is to obtain an expression for 
T(n) involving only elementary functions and Q.(n). For this purpose we 
make use of a certain fundamental identity which may be found in our paper 
“Sur les relations entre les nombres des classes des formes quadratiques 
binaires et positives. Premier mémoire ” as well as in the paper “ On Jacobi’s 


arithmetical theorems, etc.” Let F(2z,y,z) denote an arbitrary function de-_ 


fined for integral values of x, y, 2 and satisfying the conditions: 


F(—z2, y, 2) =—F(z,y,2); F(2,—y, —2) = F(z, y, 2); 
F(0, y, z) =0. 


For such a function we have the following important relation 
(VI) SF(A+ 4h, A—A’) = 2 SF(8— 2%, d +i, 2d+%+8) +T 
where the sums are extended over solutions of the indeterminate equations 


n=h?+ Ad’, n=+ 4; 


here h and i may have any integral values, while A, A’, d, 8 are supposed to 
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be positive integers. As to the term 7 it is zero except when n is a perfect 
square = s? in which case 
28-1 


T= 2 [PF (2s, S— j, 2s — 2j) — 2F(2s —j, s, 2s —j)]. 


By means of a simple device it is possible to obtain another relation which 
may be useful on many occasions. Denoting by p any odd number which is 
prime or composed of different primes, let us take pn instead of n in (VI) 
and furthermore let us suppose that F(x, y, 2) = 0 whenever 


2y — 240 or y=0 (mod p) 


which is consistent with the conditions imposed on F(z,y,z). Under these 
circumstances the right-hand member of (VI) becomes 


25 F(ps— 2pi, d+ pi, 2d + 2pi— pd) +7” 
where the sum is now extended over solutions of the equation 
n= pi? + di, 
d being not divisible by p and T’ = 0 unless n = ps? in which case 
T” = & F (ps, ps — j, ps — 2j), 


j ranging over numbers of the series 1, 2, 3, - - - which are not divisible by p. 
The left-hand member sum is now extended over solutions of the equation 


pn = h? + Ad’, 
subject to the conditions 
h¥0, 2h-+ A’—A=0 (mod p), 
which are entirely equivalent to 
hs40, h=A (mod p). 


Now we can disregard the condition h =A (mod p) if we introduce the func- 
tion w(h, A) whose value is 0 unless h =A (mod p), in which case w(h, A)=1. 
Such a function is given, for instance, by 


o(h, A) =1/p [1 + 2 cos [2e(h—A)/p] + 2 cos [4x(h—A)/p] +: °° 
+ 2 cos {[(p—1)/2] 2x(t—A)/p}]- 


We can represent now the right-hand member as follows 


Do(h, A) F(A +4’, h, A—A’) 
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where the sum is extended over solutions of the equation 

pn = h? + Ad’ 
with h non-divisible by p and the function F(z, y,z) being of the same general 
character as in (VI). This way we finally arrive at the important relation 


(VII) So(h, A) F(4+ d’,h, A—A’) 

= 23 F (pd — 2pi, d+ pi, 2d + 2pi— pS + 7” 
the extent of summations being explained above. If we suppose that instead 
of the single condition 

F(a, —y, 2) =F (za, y, z) 
we have two conditions 

F(z, ~~" Is z) = F(z, Y, —2) = F(z, y, 2), 
we can take simply 
w(h, A) =1/p [4 + 2cos (2ah/p) cos (27A/p) + 2cos (4rh/p) cos 4rA/p) 
+° + ++ 2cos {[(p —1)/2] 2rh/p} cos {[(p —1)/2] 2aA/p}]. 
Taking p = 3 we have 
o(h, A) = yy 


so that for any function F(x, y,2) odd with respect to 7 and even with respect 
to y and z we have 


(VIII) %>F(A+4, h, 4—d’) 
—2D F(38—6i, d+3i, 2d + 6i— 38) +7” 


sums being extended over solutions of the equations with h and d not divi- 
sible by 3. For p=5 we have 


w(h, A) = % [1+ (hd/5)] 


and the following relation holds true for every function F(2, y, z) odd with 
respect to x and even with respect to y and z: 


(IX) 43> [1+ (hA/5)] F(A+4’, h, A—A’) 
= 2 > F(58— 101, d + 5i, 2d + 10i— 58) + 7” 


sums being extended over solutions of the equations 


bn = h? + AA’, n—5i? + d8 


with h and d not divisible by 5. The equation (IX) is of fundamental 
importance for what follows. We assume in it 


F(a, y, 2) = (y/5) sin (wx/4) cos (22/4) 
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and suppose n==-+ 2 (mod 5). The result of this substitution is 
(26) %4 5 (/5) sin (4/2) + % ¥ (A/5) sin (wA/2) 

= > (d/5) sin (xd/2) —2 > (—1)* cos (wd /2) (8/5) sin (78/2). 
Now the sum 

> sin (xd/2) 

extended over divisors of any number m is equal to one-fourth of the number 
of representations of m by the form z* + y’. Similarly, the sum 


> (d/5) sin (rd /2) 


extended over divisors of m is equal to one-half of the number of repre- 
sentations of m by two forms: 2° + 5y* and 22° — 2azy + 3y? the first being 
unable to represent numbers = + 2 and the second those =-+ 1 (mod 5). 
The first sum in the left-hand member of (26) may be, therefore, repre- 
sented as the sum 


Ae & (h/5) 
extended over solutions of the equation 
in = h? +k? +P 
with h not divisible by 5. But it is obvious that such a sum has zero for its 


value. ‘The second sum in the left-hand member represents 44 of the number 
of solutions of the equation 


5n = h? + hk? + 5/7? 

with h not divisible by 5 and this is equal to 
YN(n—2+y? +2). 
The first sum in the right-hand member of (26) is 
Y, N(n = bi? + 27? + 2jk + 3h), 
while the second sum has different expressions for an odd or even n, namely 
— (—1)™1/2 N(n = 5i? + 27? — 27k + 3k?, i odd), n odd 

(— 1)? N(n = 51? + 27? — 27k + 3k?, i even), n even 

or, which is the same, 


— (—1) "12 N(n = 5i? + 27? + 108?) for an odd n, 
(—1)"/2 N(n = 51? + 27? + 10k?) for an even n. 
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After substituting these various expressions into (26) we finally get 
(27) N(2n =a? + dy? + 102?) 

+ 2(—1) "12 N(n— 20? + By? + 102%) = WN (n = 2? + y? + 22) 
(28) N(2n =a? + 5y? + 102?) 

— 2(—1)"? N(n= 22? + By? + 102?) = WN (n—2? + y? + 2) 
for an odd and even n== + 2 (mod 5) respectively. Let now n denote any 
number not divisible by 5. We substitute 2n — ¢? instead of n in (27) and 
(28), choosing ¢==0 (mod 5) when n=+1, ¢=+1 when n=2 and 


¢==+ 2 when n==—2 (mod 5). As a result we obtain a single equation 
independently of whether ¢ is odd or even: 


N (4n — 20? = 2? + 5y? + 102?) —2(—1)" WM (2n — #? = 22? + 5y? + 102?) 
= N(2n—#?—2?+y +27). 

We let ¢ now assume all the values, subject to the preceding limitations, which 

make 2n — ?? positive, and add all the resulting equations. What we get this 


way, attention paid to the definition of T(n), T’(n), Q(n), Q:1(n), Q2(n) 
given in § 9, may be presented as follows: 


T (2n) — (—1)" 27 (n) 
= ¥(3Q.(2n) + Q1(2n)) in case n==+1 (mod 5), 
T’(2n) — (— 1)" 2T’(n) 
= 44(Q(2n) + 3Q1(2n)) in case n==+2 (mod 5). 


Now we can express 7”(2n), T’(n) by T(2n), T(n) ; and Q(2n), Q:(2n) by 
Q.(2n). All simplifications performed, we obtain: 


T(2n) —2T(n) = $(n) + %4Q2(n), n==+1(mod5), neven 
T(2n) + 2T(n) = O(n) + 4Q2(2n), n==+1(mod 5), nodd, 
T (2n) —2T(n) = 34(n) — 4Q2(n), n==+2(mod5), neven, 
T(2n) + 2T(n) = 36(n) — 4Q2(2n), n=+2(mod5), nodd, 


which also may be written as follows: 


(29) T(2n)—2T(n) = [2 —(n/5)]¢o(n) + %[1 + 8(n/5) 1 Q2(n), 

n even; 
(30) T(2n)4+2T(n) = [2 —(n/5) ]o(n) — %[1 —3(n/5) ]Q2(2n), 

n odd. 


To these equations we can add (25): 


Q2(2n) = %4[5 + 8(n/5)]Q2(n), m even. 
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Now it is easy to see that for an odd n 
T(2n) =T(n), 
and therefore we can find from (30) the expression for 7'(2n), n being odd. 


Using then (29) and (25) we can find the expression for T(n), n being any 
even number == 2m, m odd. The final results are as follows: 


(31) T(n) = [2*—2-+ (2*+ 1/3) ]¢(n) — %Q.(n), n==+1 (mod 5), 
(32) T(n) = [2*—2 + 2*—1/3)]o(n) + 42Q2(m), n==+2 (mod 5). 
As to odd values of n, we have 


(33) T(n) = 26(n) —%Q:(n), n==+1 (mod 5), 


=-+1 (mod 5), 
(34) T(n)= $(n)—%Q2(n), n==+2 (mod 5). 


11. Expression for U(n). Let f(x) denote an odd function and n a 
number non-divisible by 5. Taking in (VI) 


F(x, y,z) =0 when x=0 (mod 2) or yS0 (mod 5), 
F (x,y,z) =f(x) otherwise, 
we obtain 
af(A+ 4’) = Xf(s— 2) 
where the first sum is extended over solutions of the equation 
nm = 25h? + Ad’ 
with odd A and even A’ while the second over solutions of 


n= i? + d8 


with odd § and 1+ d divisible by 5. In the same way as before, denoting by 
w(d,7) the sum 


w(d,1) = %[1 + 2 cos [2r(d + 7)/5 + 2 cos[4r(d + t)/5) | - 
we can write the preceding equation as follows 
D f(A +4’) = So(d,i) f(8—2) 
the right-hand member sum this time being extended over solutions of 
n= + dd 
with § odd and 7 and d non-divisible by 5. Now we take 
f(a) = (—1)e07 
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and replace n by 4n; after evident simplifications we get 


(35) > (—1) 4“) =¥4>(1+ (id/5) ] (— 1) (10/246 
the sums being extended over solutions of the equations 
n = 25h? + AA’, A odd, 
4n =1? + d8, § odd, 1 and d=40 (mod 5). 
Now for any number m 
= [— 1) (6-1)/2 — Y%N(m =o? + y*) 
& (—1)°P2(d/5) = %[N(m = a? + by?) —N(2m =a? + 5y?)] 
both sums being extended over all the representations of m in the form 
m= ds, 8 odd 
whence it is easy to see that the relation (35) implies the following equations: 
5N (n = 2? + y? + 2527) —N(n—2?+ ¥? + 27) 
= >= 2N (n= 2? + y? + 52?) —2C0, n=+2 (mod 5), 
BN (n = 2? + 2dy? + 252?) — WN (n= 2? + y? + 2?) 
=> 4N(n=2?+ y? + 52?) —C, n=+1 (mod5), 
where C stands for the sum 
& (—1)*(#/5) 
extended over all solutions of the equation 
8n = 24? + 7? + BK? . 
Let us introduce now the sums 


AmZ(—1), BZ (—1)* 
(a) (b) 

extended over solutions of the same equation subject to the following limi- 

tations: 

(a) #?®=+1lincaen=+1; += 0 in casen== + 2 (mod 5), 

(6) #=>1lincasen=+1; ?=-+ lincasen=+2 (mod5). 


It is obvious that 


+C—A—Bincasen=-+1 (mod 5), 
+C= B in case n= + 2 (mod 5). 


There exists a relation between A and B which can be easily derived from 
(IX). To obtain this relation we suppose for a moment that n is any num- 
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ber, then take 4n instead of n in (IX) and define the function F (x,y, 2) as 
follows: 

F(x, y,z) =0 for even 2, 

F(z, y,2) = sin rv/4 for odd a. 


A simple discussion of the relations thus obtained leads to the following 
result : 


[(—1)"/4] 2 (—1)*— [(—1)*/4] & (—1)™(8/5) 
— =—3(—1)°+ 3 (—1), 
(c) (d) 
the extent of various summations being as follows: 
(a) 5n=—h?+k?+ 21?; hs40 (mod 5) 
(6) in=h? +k? + 101?; h=40 (mod 5) 


(c) n==2? + 2y?+ 52? 
(d) n/5 =a? + 2y? + 2. 


Without discussing all possible cases we confine ourselves to considering only 
two of them. First suppose n odd and non-divisible by 5. In this case we 
have obviously 


S(—1)*=0,  Y(—1)*=0 
(a) (b) 
and the resulting equation 
& (—1)* = —% & (— 1)"(h/5) 
(c) (d) 
being true for all odd n non-divisible by 5 leads to the remarkable conclusion: 
= (—1)*=— % = (—1)*(4/5) 
sums now being extended over solutions of the equations 
n=2? + 527, 5in=—h?+hK? 


respectively. This theorem belongs to the same type as those well known 
theorems given by Jacobi. 
Next we replace n by 8n. ‘This time we have 


> (—1)*(h/5) =0 

(b) 
and the final result may be expressed thus: 
(36) SS (—1)? = YN (n/fb =e? + y+?) —YN(5n=e + y+) 
or, which is the same, 


S (—1)9=— HN (n= 2? + y? + 52?) + 2N (0/5 = 2? + 9? + 27) 
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the sum being extended over all solutions of the equation 
8n = x + 2y*? + 52. 


Supposing now again n non-divisible by 5 we see that the last equation is 
equivalent to 
A+ B=—%N(n=2?+y? + 52’). 


Thus we can express B by A and finally arrive at the following relations inter- 
esting for many reasons: 


(37) + [BN (n= 2? + y? + 252%) —N(n = 2? + y? + 2)] 
=N(n=2? + 9? + 527) +2A, n=+2 (mod 5), 


(38) + [5N(n =a? + 25y? + 252?) —YAN(n—2? +4 vy’? + 2?)] 
= — 2N(n—2? +y?+ 527) —2A, n=+1 (mod 5). 





It follows from these relations: 
(39) + [5U(n) —N,(n)] =n—2? + y? + 52? + Bt) + 2, 
n==2+2 (mod 5) 
(40) + [5U(n) — 4Ni(n)] =—2N (n= 2? + y? + 52? + 5t?) —2W, 
n==+1 (mod 5) 





where W stands for the sum 
w= > (—1) 


extended over solutions of the equation 
8n = 21? + 7? + 5k? + 4072, 
subject to the following limitations: 


7? = + 1 whenn=-+1 (mod5), 


? =0 whenn=-+2 (mod5). 


All which remains now is to find the appropriate expression for W. To this 
end we resort again to the equations (27), (28) in which we replace n by 
4n — t#, multiply both parts by (—1)* and let ¢ assume all integral values 
making 4n — ¢? positive and satisfying the conditions 


t=0 whenn=+2 (mod5), 


??==+ 1 whenn=-+1 (mod 5). 


Adding all the equations thus obtained and performing obvious transforma- 
tions, we finally find 
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W = 2T(n) —%T(4n) +%(—1)*, n= +2 (mod 5), 
W = 2T’(n) — %T’(4n) + % > (—1)*, n=+1 (mod 5), 


the sum being extended over solutions of the equation 


dna ty tete, 
where 
t=0 whenn=+2 (mod5), 
# == + 1 whenn=-+1 (mod5). 


The latter sum can be expressed in terms of Q,(”), Q2(), the expression for 
T(n) is given by (31), (32), (33), (34) and that for T’(n) can easily be 
derived. So we can find the expression for W in terms of Q,(n), Q2(n) and 
elementary numerical functions; substituting it into (39) and (40) we find 
the following expressions for U(n) : 


(41) + 5U(n)—=—2¢(n) + 54Q.(n) + Ni(n), n==+2 (mod 5), neven 
(42) + 5U(n) =2¢6(n) —1%Q.(n) + Ni(n), n=+2 (modd), nodd 
(48) + 5U(n) = 2¢(n) —5Q.(n) + 14Ni(n), n= +1 (modd), neven 
(44) + 5U(n) =84(n) —15Q,(n) + %4Ni(n), n=+1 (mod 5), nodd. 


l 


12. Discussion of the case n==+ 2 (mod 5). The really difficult part 
of all this investigation was in finding the expressions for 7(n) and U(n). 
Now that this has been done the rest does not present difficulties any more. 
Returning to the equation (V) and considering first the case n + = 2 (mod 5) 
we obtain two relations by equating rational and irrational parts. The equa- 
tion obtained by equating rational parts combined with Kronecker’s expres- 
sion for the sum 

> F(n—h?) 


gives in all cases when n== + 2 (mod 5): 


& F(n— 25h?) = o(n) + 6 (O(n) 
+ 8Q2(n)) — AeN2(n) + %2Ni(n) 


where 
o(n) = %6(2T(n) = O(n). 
The equation resulting by equating irrational parts is 
+ & (h/5) F(n—h?) = %o(n) + %2Ni(n) — AoN2(n) 
+ Yo(2Q(n) + 3Q2(n) — 3Q:(m)) + 46(n/2) + ¥(n/4) 
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for an even n and 


+ & (h/5) F(n—h?) = Yo(n) + YoNi(n) — %6N-(n) 
+ A6(2O(n) + 8Q2(n) —3Q,(n)) + ¥(n) 












for an odd n. Now we can eliminate Q(n) in any case, express Q;(n) by 
Q2(m) in case of an even n and substitute for T(n), U(n), N2(n) their ex- 
pressions. This way we finally get 


















> F(n — 25h?) = YO(n/4) + %o(n) + %44Q2(n) 
when n is even and 
DF (n—25h) = %H(n) + [2Q:(n) + Qo(n)]/32 
when n is odd. Similarly, 
+ 5 (h/5) F(n— ht) = 0(n/4) — %(n/4) + (nm) + 54402(n) 
when n is even and 
+ 5 (h/5) F(n — ht) = Yo¥(n) — O(n) — 540 (20: (m) + Q2(n)) 


when n is odd. 
To obtain Gierster’s relations involving only elementary functions depend- 
ing on divisors, we notice that for an even n 


> [2F(n— 25h?) — G(n — 25h?) ] = %o(n) + 545402(n), 
re Di (h/5) [2F(n —h?) — G(n—h*)] = %d(n) + %4Q2(n), 
so that, putting 
H(n) = G(n) —F(n), 


we have 
+ D (h/5) H(m—h*) = ¥(n/4) — %0(n/4) 


S A(n— 25h?) = %8(n/4) 


whence, changing n into 4n we finally get 





> H(4n — 25h?) = %O(n) 
and 





> H(4n—h?) = %¥(n) 


h = + 1 (mod 5) 


SH (4n—h*) = ¥(n) 
h = + 2 (mod 5) 
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for n= 2 (mod 5), while 


> H(4n — h?) = V(n) 


h= 1 (mod 5) 


> H(4n — h’) = %®(n) 


h = + 2 (mod 5) 


for n==— 2 (mod 5). 


13. Discussion of the case n==+1 (mod5). The equation obtained 
by equating rational parts in (V) combined with Kronecker’s expression for 


the sum 
> F(n— h?) 


yields in this case two relations, which, introducing two functions ¥,,(m) and 
v_,(n) defined by 


U,.(n) => [d’ + (d/5)d], n=dd, d<d 
U_4(n) => [d’—(d/5)d], n=dd, d<d, 
may be presented as follows 
E F(n— 25h?) = Y4X(n) + ¥(n/4) —Hy, (0/4) 
for an even n= +1 (mod 5), and 
SF (n— 25h?) = O(n) + %¥(n) —Yw_, (m) + %o(Qs(m) + Q2(n)) 
for an odd n= -+ 1 (mod5). Similarly, by equating irrational parts we get 
+ ¥ (h/5) F(n—h*) =o(n) + ¥(n/4) —¥_, (n/4) 
+ 56 (3Q:(m) + Qo(m) —%eNa(n) — %0(m) + YeNi(n) 
for an even n, while 
+ & (h/5) F(n—h*) =o(n) — O(n) + 4¥_, (n) 
+ 56 (3Q:(m) + Qo(n) —%eN2(m) + %eNi(n), 
for an odd n. In both cases w(n) stands for 
w(n) = %6(2T(n) = U(n)). 


Now it remains to substitute for T7(n) and U(n) their expressions and to 
eliminate Q,(m) in case of an even n to get finally 


+ & (h/5) F(n—h?) =— %®(n/4) —Y_, (n/4) + b(n) — %Q2(n) 
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for an even n and 


sD (h/5) P(n —h?) =— %O(n) + BV, (nm) + 46(Q1(n) + Q2(n)) 


for an odd n. Now taking 4n instead of n in the first of these relations and 
introducing 













H(n) = G(n) — F(n) 
we find easily 


+ 3D (h/5) H(4n—h?) = %@(n) —3_, (n). 


There is no difficulty any more to establish the following system of Gierster’s 
relations corresponding to n == + 1 (mod 5): 


2 > H(4n— 25h?) = O(n) + 20(n) Ms (n) 
6 > H(4n — h?) = 48(n) 


h = + n/2 (mod 5) 


6 > H(4n — h?) = — ®(n) + 6¥=1 (n). 


h = + 2n1/3 (mod 5) 


Aveust 4, 1927. 

















Note on a Theorem of Bécher.* 


By GrirritH C. Evans. 





We prove the following theorem: 


THEOREM 1. If u(M) is a potential function for its gradient vector 
Vu= (Diu, Du), and tf the equation 


(1) f Vn ds‘= 0 


is satisfied on almost all segments ¢ in an open connected plane region &, then 
the function u(M) has merely unnecessary discontinuities in o, and when 
these are removed by changing the value of u(M) at most in the points of a 
set of superficial measure 0, the resulting function has continuous derivatives 
of all orders and satisfies Laplace’s equation 

(2) 0°u/dx? +- #u/dy? = 0, 

at every point in &. 

The theorem is required for an adequate treatment of Poisson’s and 
related equations. It derives originally from the well known theorem of 
Bécher’s to the effect that if w(M/) and its partial derivatives du/dr and du/dy 
are continuous in = and if the equation 


(3) f (@u/an) ds =0 


is satisfied for all circles, then w(M/) is harmonic in &. Less remotely it 
derives from a theorem of the author,{ based on the ideas of generalized deriv- 
atives and potential, and thus more general than Bécher’s theorem, but proved 
in substantially the same manner after these ideas have been developed. 

We generalize slightly the idea of potential function § in the following 
fashion. 





* Presented to the American Mathematical Society, Sept. (1927). 

{ That is, all rectangles in = formed from lines »= a, y= 6b except possibly those 
which correspond to values of a and b constituting sets of zero measure. 

t “Fundamental Points of Potential Theory,” Rice Institute Pamphlet, Vol. 7 
(1920), pp. 252-329; see also the author’s recent book Logarithmic Potential—Discon- 
tinuous Dirichlet and Neumann Problems, New York (1927), Chapter VII. 

§ Evans, Rice Institute Pamphlet, loc. cit., p. 274. The curve w is of class I if it 
possesses a constant TI such that 

f | coos, MP" | dsp <T 
a MP 
independently of the position of M in =. For Theorem 1 only rectangles and circles are 
needed. 
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Let u(M), D,u, Du be three functions summable over every closed two- 
dimensional region in 3, H some fixed set in = of superficial measure 0, and 
w an arbitrary regular closed curve of class T which contains of F no subset 
which has positive linear measure on w. Then if 


ff. udy = Jf Divde 
(4) w o 
{uae —— f Davao, 


o being the region bounded by w, we say that w(M) is the potential function 
of its generalized or vector derivative or gradient vector Yu = (Diu, Dou). 
Any vector whose components are identical with these except on a set of super- 
ficial measure 0 is equally a gradient vector for u(J/). 

It follows immediately that 


f uda’ = { Daude, 
w Co 


Dau = D,u cos xa + Du cos ya 


where 


and a’ is the direction 7/2 in advance of the arbitrary direction «, and also * 


(5) fv =f (yn) D,u do 


if w does not contain the pole of the system of coordinates (r, @). 

The proof of the author’s theorem, already cited, applies to functions 
which are the potential functions of their vector derivatives in the more gen- 
eral sense given above, and even when (1) holds merely for almost all circles 
which have a common center M,, for every M, in &. But in the theorem 
now to be proved the hypothesis does not require the vanishing of this total 
flux on a continuous or “ almost continuous ” family of curves about a point 
which are level loci of a harmonic function with an isolated singularity at 
the point. Hence Bécher’s device is not sufficient for the proof and an indi- 
rect method must be used. 

Let then u,(M) be the »-approximation f¢ 


tg(M) = (1/4et) J" fue + & y+) dé dy 


* Evans, loc. cit., p. 282 and p. 287. For formula (23) p. 282 and that on the 
bottom of page 279 there should be required an additional hypothesis, as the author 
has remarked elsewhere. This does not affect the validity of the Theorem of Art. 5. 33, 
requiring merely an obvious modification of the first part of the proof. 

+H. E. Bray, “ Proof of a Formula for an Area,” Bulletin of the American Mathe- 


matical Society, Vol. 29 (1923), pp. 264-270. 
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We know that u,(J/) is bounded and continuous in any given closed region 
in 3, » small enough; similarly for the quantities 


iu,/te = (1/4ut) ff Dyu(e+& y +7) dé dy, 
-4 -H ; 
iuy/ty = (1/49) f"  f" Diwle +6 y+) dé dy, 


since u(M) is a potential function of its vector derivative. In fact these 
statements result immediately from the properties (3), (6), (7) of Bray’s 
paper. Incidentally, of course, uy is a potential function of its vector 
derivative. 

Consider now an arbitrary circumference C in 3%, and take yu less than the 
distance from C to the frontier of =. Let s be a finite plurisegment interior 
to C, no point of which is distant from C by more than some 8 which will 
eventually be arbitrarily small. We have 


— f (du,/dn)ds = f — (0u/dx) dy + (du/dy) dex 
— (1/48) fae fp f (—Diw(ate yta)dy + Dilats ytn) 42), 


by means of Bray’s theorem (6). Hence 


Te = (1/408) fag Jay f (—Diul$, 9) ap + Di(9, 9) ad), 
Sen 


where $;,, is the locus obtained by displacing s in the amount (é,7). But 
the inside integral vanishes for almost all (é,7), and, therefore, 
I, = 0. 


If we compare J, with the integral 


hin J. (du, /dn) ds, 

we see that the latter vanishes also. In fact J and J, are merely Riemann 
integrals of continuous functions, and J, may be made to differ by as little 
from I as desired. Hence by Bécher’s theorem, the function u,(M) is har- 
monic in &. 

We return now to the function u(M), by letting » approach zero. Leto, 
be the region contained between two arbitrary concentric circles in = of radii 
r) and R, respectively, 7) << R. We have 


lim ( (1/r) (6u,/ér)de = f (1/r) D,u do 
oR oR 


by Bray’s theorem (8). But the integral of the left hand member vanishes, 
as is seen when it is expressed as an iterated integral, and therefore 
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io J, W/Dav de mm f (dr/r) ff. D,u ds, 


where C,. is the concentric circle of radius 7. Hence 


(6) D,uds = 0, for almost all r. 
Cr 


This result is however sufficient, as noted above, since u(J/) is the poten- 
tial of its vector derivative, to imply that w(M) has merely removable dis- 
continuities at a set of points of zero measure, and, when these are removed, 
becomes harmonic. 

In a similar fashion we may prove a more general theorem, useful also 
in the treatment of equations of elliptic type. We shall say that a translatable 
regular net consists of the curves in & obtained by arbitrary parallel displace- 
ments of a regular net *; and an equation in functions of curves will be said 
to hold almost everywhere on such a net if, given a cell w, it holds for almost 
all the homologous cells obtained by displacing it parallel to itself in the z 
and y directions.t We may state then the theorem: 


THEOREM II. Let u(M) be a potential function for its vector derivative 
(D,u, Dw) = Vu in &, and let the equation 


i Viu ds =0 


be satisfied almost everywhere on a translatable regular net of class T in %. 
Then the conclusion of Theorem I is valid. 


It is hardly necessary to say that for theorems of this sort the case n = 2 
is typical of n dimensions.{ Some five years ago Professor Bray and the 
author did however work over the corresponding part of the article on “ Fun- 
damental Points of Potential Theory” for the case n = 3, without finding 
any essential novelty; the set corresponding to H’ of Art. 5.32 of that paper 
is perhaps a little more difficult to define. Lately, among other theorems, 
Professor Raynor has given Bécher’s theorem for three dimensions.§ 





* H. E. Bray and G. C. Evans, “A Class of Functions Harmonic in a Sphere,” 
American Journal of Mathematics, Vol. 49 (1927), pp. 153-180; see p. 169. Here the 
regular net may be regarded as given over the entire plane, and the number of cells in 
any lattice containing points of a bounded region will be finite. 

+ Or, instead of the group of translations 7 we may for instance use throughout 
the group of transformations 8-178 where § is a fixed conformal transformation—this 
of course only in the plane. 

t See the Cambridge Colloquium Lectures, Part I, New York (1918), p. 77, and 
G. Bouligand, “ Fonctions harmoniques. Principes de Picard et de Dirichlet,” Mémorial 
des sciences mathématiques, fasc. XI, Paris (1926), pp. 7-9. 

§ Bulletin of the American Mathematical Society, Vol. 52 (1926), pp. 654-658. 




















Generalized Neumann Problems for the Sphere.* 


By GrirrituH C. Evans. 





Introduction. Let v(M) be harmonic within a sphere S of unit radius, 
and let w, be a simple closed regular curve, with interior region w,, on the 
concentric sphere S, of radius r < 1, whose projection on S is w. We consider 
the problem of determining v(M/) within S in such a way that the quantity 


f (Av + 0v/dr) do 


takes on given values H(w) as r approaches 1, H(w) being a bounded additive 
function of regular curves on S, with regular discontinuities. 

For the class of functions for which f | dv/ér| do, extended over the 
sphere S,, remains bounded as r approaches 1, we shall show that there is a 
unique solution of the problem provided that » is not one of a set of special 
parameter values, this set being the collection of negative integers and zero. 
For the value A= 0 there is a solution, provided H(S) —0, unique except 
for an additive constant; in this last case if H(w) is absolutely continuous 
the problem reduces essentially to the Neumann problem with boundary values 
summable in the Lebesgue sense. 

We shall write v(M) as the potential of a simple distribution of mass 
and obtain the mass function in terms of H(w) by solving a Stieltjes integral 
equation. In a supplementary note, we discuss briefly the situation in n 
dimensions, with special reference to the irregular case, n = 2. 


1. Consider first the condition that 


f, | dv/dr + dv | do 
remains bounded as r approaches 1, and let 


dv/dr + Av = €(M). 
We have 


v(r,P) =e™ ; é(r, P) dr + ory (1, P), 





* Preliminary report presented to the American Mathematical Society, April, 1927. 
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where v is given in terms of r and the radial projection P of M on S. Hence 
j | 0(M) | dor? ff. |v(r, P) | dop 
r 
=e. f dr’e’ i | €(7”, P) | dop + err) f, | v(t, P) | dop, 
To 8 


which is bounded, from the given condition. But this implies, even when \ 
is 0, that ee | v(M) | do is bounded, r < 1. 


It is evident then that the two conditions 
(j) 7 | dv/ér + Av | do < Mi, fi, | 90/0 | do < Wy, <i, 
are equivalent, if the functions v, dv/dr are continuous within 8S. 
2. Let us assume that (j) holds. Then both the quantities 
J, __ | r90/ar | do, J. | rdv/or + v/2 | do 


remain bounded within S; arfa siace ~~ 3 and rév/ér + v/2 are both har- 
monic, r < 1, we have * 








wo (I=r) 
(1) " Or ti“‘«S #. (1 + r? — 2r cos «)*/? dG (sp) 
dv ‘. —e. F (1 — 7?) 
(2) ” OF “oo 4or 3 (1 + r? — 2r cos «) 9/2 dF (se) 


where F'(w), G(w) are bounded additive functions of regular curves on § 
(in particular, of segments s), with regular discontinuities; and also 


(2’) lim r “ do—=G(w), Tim (r a > )do = F(w), 


r=1 Or Or r 
»(0) — FOS) 
Qa 


In these formulae, « is the are PQ on the unit sphere, Q being the pro- 
jection of M, and MP? = 1 + r? — 2r cos a. 


Consider now the quantity, which is also harmonic within S: 


1 dF(s) 
ae) = or J, (1 + 1r? — 2r cos «)# 








* Bray and Evans, “ A Class of Functions Harmonic within the Sphere,” American 
Journal of Mathematics, Vol. 49 (1927), pp. 153-180. 
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An obvious calculation yields the result 
r0X /dr +- X/2 = rdv/dr + v/2 
raX = rey + ¥(9, ¢) 


where ¥(0, p) is a continuous function of the coordinates 6, ¢ on the sphere. 
Hence, since the left hand member of the above equation vanishes when r= 0, 
we have (0, ¢) = 0, and the functions X and v are identical. Hence 


a dF’ (s) 
(3) “ny Qa f, (1 + r?— 2rcosa)* 


From (2) we have 





ee ee | / = 
G(w) = F(w) = =f dF’ (s’) 6. (1 + r? — 2r cos a)% 


1 ‘ do 
a 4 J, ee) § [2(1— cos a) ]* 


on account of the uniform convergence of the improper integral. Hence 




















: 1 ai do 
(4) F(w)=G(w)-" yy ae(s’) £ are 
By the same sort of calculation we have also 

1— 2dr : do 
(5) F(w) =H(w) + Sf. aR) fae 
where, in virtue of the condition (j), 
dv os (1 —+?) dH (s) 

(6) ” Or i aes Aa J, (1+ r? — 2r cos a) */? 


(6) lim (— (rdv/ar + dv) do = lim , (dv/or + Av) do = H(w), 
=1 Wr 


r=1 eo wr r 
the function H(w) being again a bounded additive function of regular curves, 
with regular discontinuities. Accordingly we state the following theorem. 


THEOREM 1. That v(M) be harmonic within the sphere and that also 
(j) hold is a necessary and sufficient condition that v(M) be gwen by a 
formula (3), in which F(w) is a bounded additive function of regular curves, 
with regular discontinuities. In this case the G(w), defined by (2’), and the 
H(w), defined by (6’), are functions of the same sort, and the equations 
(1), (2), (4), (5), (6) are all valid. 

We have just proved the sufficiency of the condition. In order to estab- 


9 
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lish the necessity, we notice that v(M), given by (3), is harmonic, and in 
particular that fs, 0v/drdo—0. Moreover (2) is satisfied, whence 


f, | dv/dr + v/2 | do 
is bounded,* and (j) is established by § 1. 


CorotLary. If v(M) is given by a formula (3) in terms of an F,(s) 
which is a bounded additive function of plurisegments, its discontinuities not 
of necessity being regular, then also 


YY) = a dF'(s) Sn f dF (w) 
nel ieee Qa ;. (1 + r* — 2r cos a) % Qa s (1+ 7° —2rcosa)*% 
where 








F(w) -f. q(P, w) dP, (8) 


q(P,w) being the circular density of » on S at P, a function measurable in 
the Borel sense. 


3. We pass now to the integral equation (5). If it has a solution F(w), 
the function v(M), given by (3), will be harmonic within the sphere, of class 
(j) and will satisfy the boundary condition (6’). On the other hand, if v(M), 
of class (j), is harmonic within the sphere it will be given by a formula (3), 
where F'(w) is determined by (2’); and if also it satisfies the boundary con- 
dition (6’), the F(w) will satisfy (5). 

Since the discontinuities of H(w) are regular, it is sufficient to consider 
the segments s on the sphere. Write 


F(s) = H(s) + ®(s). 


Equation (5) becomes 


1—2a ——. do 
@(s) = = J. di (s yf. sin (a/2) + Sar J, ao (s') J, sin (4/2) 


where the first term of the right hand member is to be regarded as a known 
function, and o is the region bounded by s. 

We shall show first that on the hypothesis that H(s), (s) are bounded 
additive functions of plurisegments, the function ®(s) will be absolutely con- 
tinuous. In fact, if we write 








* Bray and Evans, loc. cit., p. 168. 
{ Bray and Evans, loc. cit., p. 168. 








— 























Evans: Generalized Neumann Problems for the Sphere. 131 





1 1 


Pn(a) sin (a/2) ’ sin (a/2) = 
1 
al ae ee 
™ sin (a@/2) ~ 


the function so defined will be not negative, continuous on the sphere and 
non-decreasing with n, and 


f, dH(s) { pr(a)do — f do Ji, pa(a) aH (s"). 
Moreover 


If, dH(s') { pa(a)do <f_ ar(s’) f pn (a) dey 


where 7'(s) is the total variation function for H(s). But this is 


=f ae) fen 


dH (s’) 
f, sin (@/2) 


exists almost everywhere on S, and represents a summable function ;* moreover: 





Hence the quantity 








dH (s’) ' de 
(7) f oe f, sin (@/2) —f dH (s’) £ sin (a/2) 
But the left hand member is an absolutely continuous function, and the point 
is proved. 


If then we write 


1—2. ( _dH(s’) vp @ 
ac , 22 PT ar 





equation (5) implies the following: 


a 1— 2r f(P) 
(8) FQ) =O) ++ > fo tay 


(8" ®(s)— f f(P)do 
F(s) = @(s) + H(s). 
On the other hand, if (8) has a solution f(P), summable in the Lebesgue 





*P. J. Daniell, “ A General Form of Integral,” Annals of Mathematics, Vol. 19 
(1918), pp. 279-294, and continued in later papers; for the interchange of order of 
integration, G. C. Evans, “ Fundamental Points of Potential Theory,” Rice Institute 
Pamphlet, Vol. 7 (1920), pp. 252-329, see p. 258 and p. 262. 
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sense on S, equation (8’) defines a function f(s), bounded and additive, with 
regular discontinuities, which is a solution of (5). 

In passing, we note the particular value 41/2, for which the only 
solution of (8) is f(P) —0. For this value we have F(s) —'H(s) as the 
only solution of our problem. It is this case, as we shall see later, which 
corresponds to the value 4 —0 in the two dimensional problem; and thus it 
happens that in two dimensions the solution of the Neumann problem is given 
by a direct relation, while in three dimensions the “same” problem (A= 0) 
is answered in terms of the integral equation (4). 

The kernel of (8) 

K(Q,P) = K(P,Q) =1/82- 1/sin («/2) 
becomes infinite when P= @Q; but, as we have already seen, the function 
S,K(a P) g(P) dop is summable if g(P) is summable, since this is merely 
a particular case of the result established earlier in this section. Hence the 
customary analysis applies,* and the solutions of (8) are identical with those 
of the following equation : 


(9) f(Q) =H(Q) + fF K(Q,P)h(P)dor + vf K.(Q,P)h(P) dor 
+9 f. K.(Q, P)f(P)dop, 


unless y = 1 — 2A is such that r* is a root of the twice iterated kernel 
K.(Q, P) =f. K(Q,X) K(X,¥) K(Y,P) doydoy 
Ss 


which is easily shown to be a continuous function. The solution of equation 
(8) and therefore of equation (5) is accordingly unique if A does not corre- 
spond to one of these exceptional values of v. These values of vy are known 
to be the positive odd integers,t to which correspond, as values of A, the 
negative integers and zero. But we may find them again, and at the same 
time completely solve our problem by means of a simple differential equation 
of the first order. 

4. We return then to the equation (6). To say that (5) has one or 
more solutions implies that the equation (6) may be solved for v(M) and 
that the resulting function v(M) will be harmonic, in particular at the point 
r= 0. Conversely if v(M) satisfies (6) it will be of class (j), and the corre- 
sponding F'(w) will therefore satisfy (5). If we write 





* Goursat, Cours d’Analyse, Vol. 3, Paris (1915), p. 355 and p. 382. 
+ Goursat, loc. cit., p. 513. 
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_ a. (1—1?)dH(s) 
BOE) ap dr f, (1 + r? — 2r cos a) 3 


the equation to be solved may be written in the form 





(10) rdv/dr + u=h/(r,P), 

where h(r, P) is harmonic inside S, and may therefore be expanded in the form 
co 

(10’) h(r,P) =Yo+ X ¥x(P)r*, 
1 


where Y;(P) is a surface or spherical harmonic of degree k, the series being 
convergent, uniformly in P, for any value of r < 1. 
Equation (10) may be written in the form 


oO 
O(rv) /r = Yor + S Vi (P) rr. 
1 
Hence if A is not zero or a negative integer, we have 


Py = (1/A) Yor +E [¥u(P)/(k- a) + 0(P) 


and therefore 
(11) v= (1/A)¥o+ 3 [Ye(P)/(k-+ 4) ]* 


since C'(P)1~ cannot be harmonic at the origin unless C(P) = 0. 
If.A is a negative integer or zero, the expansion yields the following: 


ry = DY! [Ye(P)/(k +d) |r + Y.»(P) logr + C(P), 
0 
where in the summation the term / = — is lacking. Hence 
(11’))  v(M) =D [Vu (P)/(k + A) + Y\(P)r logr+ C(P)r*. 
0 


But this will not be harmonic in the neighborhood of the origin unless 

Y.\(P) =0. Conversely, if this condition is satisfied, v(M) will be a solu- 

tion, in which C(P) is an arbitrary surface harmonic of degree » —=—X. 
The condition Y,(P) = 0 may be written in the form 


. Y,(P)h(r, P)dop = 0, 


as is seen from (10’). But 











; 
i 
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1 ¥,(P)(1—*") 
Jf, Yu(P)h(r,P)der— Z- f aH») {Ga arem PPy er 


= (r#/4m) f /Ya(P)dH (se). 





Hence we have the following theorem. 


THEOREM 2. If d 1s not a negative integer or zero there is one and only 
one function v(M) harmonic inside the sphere and of class (j), such that 


(6’) lim f {av(1, P) + 00(r, P) /or} do = H(w), 


H(w) being an arbitrary, bounded, additwe function of regular curves, with 


regular discontinuties. 
If X\=—p 1s a negative integer there is no solution of the class (j) 


subject to (6’) unless H(w) satisfies the 2n-+ 1 independent conditions 


(12) J, Ya(P) 4H (se) = 0, 


Y,(P) being the general surface harmonic of degree p. If (12) is satisfied 
the solution exists, 1s of class (7) and 1s determined except for the addition 
of an arbitrary solid harmonic Y,(P) r* of degree p. In this case F(w) is 
determined as a solution of (5) eacept for an additive term of the form 
So Yu(P) dop. 

If X=0, the necessary condition is H(S) = 0, and the function v(M) 
is determined except for an additwe constant. In this case F(w) is deter- 
mined, as a solution of (5), except for an arbitrary additwe term of the 


form Co. 


5. From this point results may be obtained corresponding to those of 
Bray and Evans in the article already cited. It is unnecessary to repeat them 
in detail except to point out that 


lim (rév/ér + Av) = dH/do 
r=1 


wherever that derivative exists, that is, almost everywhere on S; and that 


therefore 


lim @v/ér, lim v 
r=1 r=1 


exist for almost all points of 9, since the condition (j) implies the condition 
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a) J. | »(M) | do is bounded. 


In fact these limits all exist whenever 0G/do exists. For if lim dv/dr exists, 
then along that radius dv/dr is bounded, and lim v exists. 
Finally, if we replace the condition (j) by the condition 


(jj) f (0v/dr)do is absolutely continuous, uniformly in r, 
Wr r 


a condition which is satisfied, in particular, if 0v/dr is bounded within S, and 
the condition (6’) by the condition 


(6) lim (0v/ér-+ rv) =h(P), h(P) summable on S, 
r=1 
the Theorem 2 remains valid. In this case H(s) = feh(P)do. 


Thus we have a solution of the Neumann problem itself, and of a class 
of problems related to it. 


6. Supplementary note on the problem in n-dimensions. The case of 
three dimensions being typical, we content ourselves with a brief description 
of the formulae involved in the n-dimensional situation. The Poisson integral 
for the hypersphere 8 of radius R takes the form 


(8) uA —W(,0)— gf SE are, 





2 oe 
pr 
where Ay = 2x"/2/T'(n/2) is the (n—1)-dimensional “area” or measure 
of the hypersphere of unit radius. Its n-dimensional measure of “ volume ” 
is of course 24"/2/[nI'(n/2)]. In (13) we have written 
(14) F(s) =lim F(r,s-) = lim u(M)do,, 
r=R r=R &e 


the do, being r*-1 do, with do as the element of area of the unit hypersphere ; 
in fact the constant before the integral has been chosen so that 


(14’) u(0) = F(S)/An(R) = F(8)/R"7 An 
For the corresponding potential of a single layer we write 


2 dF(s) _ 
(n—2)4,k J, MPr2 








(15) »o(M) = 








2 f dF(s) 
(n—2)AnRS g (R? + 1? — 2Rr cos a) (0/2)-1 
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We have 
: ov Ae f, r? — 2Rr cos « 
 -aee iz (R? + r? — 2Rr cos «)"/2 





di'(s), 
and therefore, 

rov/dr + [(n—2)/2]u—=u 

rov/dr + AU =u-+ [A— (n—2)/2]u= [(u— (n—2 — 2d/2]v 


~ oe dF (s) 
(n—2)RAn J g Mp2 





Hence we write 
lim r(0v/dr) do, = G(s) = FR lim i (0v/0r) do, 
r=R Sr r=R ‘Sr 
lim allel deat aie 
r=R Sr 


where G(s) and /1(s) are bounded additive functions of (n — 2)-dimensional 
plurisegments on the hypersphere,* provided the condition (j) is valid: 


(j) J, | dv/dr | do, is bounded, r < R. 


We have then the integral equations relating H(s), G(s) and F(s), to 
determine F(s) : 


(16) G(s) =F(s) — aa mJ, dF (sp) i = Tae 


0) H@) =F) — Bar S, eo) Se | 


Here G(s) of course vanishes, if an ) is given, and for particular values of 
X= 0 there will also be necessary conditions on the H(s). 

In order to find these conditions we have merely to repeat the analysis 
of § 4. The characteristic values of A will again be the negative integers — p 
and 0; and if we write 


Mr) — gy J FSBO _-Fx(0)e 

















Mp" 0 
the functions X;,(Q) being orthogonal, the condition to be satisfied by H(s) | 
will be | : 
J, Yu(P)aH (sp) =0, | 
8 





* Edmonson, Poisson’s Integral and Plurisegments on the Hypersphere, in prepar- 
ation. 

































where Y,(P)™ is the general homogeneous polynomial of degree p, which 
satisfies Laplace’s equation. 

The case n = 2 is not strictly regular, as is seen from the above formulae. 
But the problem corresponding to \ = 0 has already been considered in detail.* 
We write 


o(M) = (1/4) [log (1/iP) aF(s) +A, with P(S)—=0, A—v(0), 


u(M) = (1/2nR) f [(R? —n2)/MP*] dF(s), 
and therefore : 
r0v/or =u 


r(dv/or) + Av =u + (A/aR) f. log (1/MP) dF(s) + AA; 
8 
and the two equations corresponding to the integral equations (16), (17) are 


G(s) = F(s) 
(18) H(s)—F(s) + (X/eR) f dP(se) f° log (1/QP)dse + Ads, 


where, when A=+ 0, we may still keep F(S) =0 by taking A—v(0) = 
H(S8)/AS. The second of the equations (18) may therefore be written in 
the form 


H(s) — [H(S)/a8] =F (s) + (A/=R) f dP(sp) f° log (1/QP) doe. 


From this point on, the analysis offers nothing novel. 

The conditions may be stated in a form invariant of conformal trans- 
formation. And if this is done the results will apply to general [simply 
connected] regions, and the special parameter values of 2 will be unaltered. 
To this end we let b(Mo, M) be the function conjugate to the Green’s function 
g(M,,M) and write the condition (j) in the form 


f | av/ag | db = f | av/on | ds < NV. 
g=const. g=const. 


The boundary condition (6’) takes the form 


b” 
lim {  (v + Adv/dg) db = H(d’, 0”) = H(s). 
b’ 


g=0 





* Evans, The Logarithmic. Potential—Discontinuous Dirichlet and Neumann Prob- 
lems, New York (1927), Ch. IV. 
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Similarly in the condition (jj) the absolute continuity of the integral 


” 


oe (dv/0g)db = , (dv/dn) ds 


extended along curves g = const., is uniform, g > 0; and the condition (6”) 
takes the form 


lim (v + Adv/dg) = h(b), 
g=0 


h(b) being summable with respect to 6. 


Under these conditions there is a unique solution of the respective 
boundary value problems, unless \ = 0 or a negative integer.* 


THE Rice INSTITUTE, 
Houston, TEXAS. 





*See the treatment for \=0Q in Evans, loc. cit., Ch. V. 




















vergence.as a Singular Curve.* 
By J. J. GeRGEN AND D. V. Wipper.}+ 





1. Introduction. It is a familiar fact that certain Taylor’s series 
oO 
(1) > ane” ” 
n=0 


define functions which can not be continued analytically beyond their circles 
of convergence. The series of Weierstrass and Fredholm, 


for 

(2) > x", 
n=0 
00 

(3) > 2, 
n=0 


are classic examples. Both of these series are lacunary; that is, they are par- 
ticular cases of (1) in which certain of the coefficients are zero. General 
classes of such series have been studied by a great number of authors including 
J. Hadamard, E. Borel, S. Mandelbrojt, G. Faber, and E. Fabry. We recall 
several of the results. It was shown by Hadamard that the series 


co (oe) 
(4) X Amz™ = FY H,0, 
m=0 n=0 


where 
Om = 0 when m= An, ay, ~ 0, 


admits the circle of convergence as a cut if 
(Ans1 aiid An) /An 


is greater than some positive constant for all n. The series (2) of Weierstrass 
is a case in point. More generally, it has been shown { that the conclusion is 
the same if 

(Ans1 — An) /A%ns 0<oXl, 





* Preliminary report presented to the American Mathematical Society, September 
9, 1927. A preliminary account of the results of this paper was published in a note in 
Comptes Rendus, Vol. 185 (1927), pp. 829-831. Since the publication of that note, the 
authors have simplified several of the proofs. 

7 National Research Fellow. 

t For complete references see J. Hadamard and S. Mandelbrojt, “ La Série de Taylor 
et son prolongement analytique,” Collection Scientia, Gauthier-Villars, 1926. 
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is greater than a positive constant for all nm. This was first proved for the 
case o ==} by Borel. It is seen that this criterion applies to the series (8) 
of Fredholm. 

In a recent paper Mandelbrojt * has developed a new type of criterion, 
He has shown that if ¢ is any irrational number, the series (4) admits its 
circle of convergence as a cut if e?7\? has a limit as n becomes infinite, 
and if a), has a limit different from zero. The proof of the theorem is based 
on a theorem of Cesaro. In the present paper the authors prove a similar the- 
orem, replacing the condition that a), have a limit by the restriction that they 
all lie in a single quadrant of the complex plane. The method of proof is sim- 
plified, no use of Cesaro’s theorem being necessary. By means of the criterion 
thus developed the authors are able to give a new proof of the theorem of 
Hadamard and its generalizations mentioned above. It has been the aim to 
make the proof elementary in character. It will be seen by an examination of 
the following sections that the proof is based on only two theorems from the 
theory of analytic continuation, two theorems that lie at the very foundation 
of that theory. 


2. A Lemma. The proof of the theorem of the next section is made by 
use of the following 


Lemma. The function defined by the series 
oo a 
(5) f(z) = Xa2™, lim | a, |/*—=1, 
n=0 n=00 
has the point x = 1 as a singular point tf the real part ay,’ of ay, satisfies the 


conditions ay,’ > 0, lim ay,’ "= 1. 
n=CoO 


This Lemma is a generalization of the well-known fact that the function 
defined by (5) has the point = 1 singular if the a), are all real and positive.t 
Indeed, this result enables us to see at once that the function 


¢(z) = 2X nn’ 





* Comptes Rendus, Vol. 184 (1927), pp. 1307-1309. It may be shown that the set 
of functions which satisfies the conditions of Mandelbrojt and the set which satisfies 
the conditions of the theorem of this paper form subclasses of the class for which 


lim aA —*,) = 00, It is well known that a function of this latter class has its 


circle of convergence as a singular curve. [Gergen.] 
+ Compare a generalization by P. Dienes, “ Essai sur les singularités des fonctions 


analytiques,”-Journal de Mathématiques, 6 série, t. 5 (1909), p. 338. 
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has the point 1 singular. That is, if 8 is any real number between zero 














(3) and unity, the series 
oo a B 
On. > { (7 — B)* 
it ’ 
od has the radius of convergence equal to 1—£. Hence for every positive e¢ 
K j there exist an infinite number of integers m for which 
he- ¢™ (B) Ss (m+ p)! 
ley (6) m! ee m!p! me 
> We wish to prove that x = 1 is a singular point of (5), or pi 
» ie ke ee 
to (?) m! 1—B 
of for an infinite number of integers m. Set 
oo 
ne Oy,= Ay’ tia”, ¥(#) =LH,"2™. 
n=0 
* Then 
f(x) = $(x) +ty¥(2), 
and 


y fom (B) = 9 (8) + iy (8). 
Since B is real, the quantities ¢ (8) and y‘™ (8) are real. Hence 
| #™ (B) | =o (B), 


and (7%) becomes an immediate consequence of (6). The Lemma is thus d 
completely proved.* i 


Sn mr aia 


3. The Theorem. If {An} is a sequence of positive integers such that 


lim e279 exists for some irrational number ¢, and tf {d,}, A, ~0, is a 
n=0O 
sequence of numbers all lying in a single quadrant of the complex plane,t 


then the function defined by the series 


oo ed 
(8) ZS a,2, Tim | a, | 21, 


n=0 n=00 


creer serena as 


admits the circle of convergence as a singular curve. 


Sirona 








* Note that it is not true, in general, that all the singularities of $a,’a» are 
singularities of 3 @,,2". Witness the example 


> 4,0" = w/ (a? +1) + i/(a? +1) =1/(a—1). 
+ We agree that qy lies in the kth quadrant (k =1, 2, 3, 4) if 


a, =), exp 10) (k—1)27/2 = 9), < kr/2. 
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Without loss of generality we may suppose that all the a), lie in the first 
quadrant, for the case in which they lie in the kth quadrant may be reduced 
to this case by multiplying each term of the series (8) by e-7#%-1/2, Qpyj- 
ously this has no effect on the position of the singularities of (8). “Set 

Or, = Or, +1Or,”, Ary’ >0, a,” = 0. 


Then at least one of the following equations holds: 


— = : ee 
: rir lim a,’ 1/4» —= 1 
_ 4 ed, n=00 - 


For definiteness suppose the first to be true, and consider the series 


co 
( 9 ) ps a, e2TiAndpy dn 
n=0 


where p is any positive integer. We show that x1 is a singular point of 
this series by showing it to be a singular point of the following series (differ- 
ing from it only by a constant factor) : 


oo 
(10) aa >» ay, e274Yn ghn, 
Yn = Anpd + 7% — Py, 


e27iy a lim e2Tirnd | 
n=00 


where 


Then we have 
lim e2Tivn = em t/4 , 
n=00 
If we decompose the coefficients of (9) into real and imaginary parts, we 
obtain 
— 14 ay,627 4" — — i(a’y, COS 2an — a,” SiN 2rWn) 


+ (ay,”” cos 2arypn + ay,’ SiN 2m) « 
We can now show that the coefficients of (10) satisfy all the conditions of 


the Lemma (after rejecting, if necessary, a finite number of terms at the 
beginning of the series), since 


lim sin 2am = lim cos 2a» = 1/2%, 
= n=00 


it follows that 
Cr, = M,/" COS 2arypn + Ay,” SIN 2rYn 


is positive for all n sufficiently large (n > m). Moreover, 


lim 3° —1, n>m. 
n=CO 











t 
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For, 


lim (q,’ sin 2ryn)1" = lim ay,’ = 1, 
#=CO n=00 


and é 
Cy, = A,’ Sin 2ryn, 2 > M. 


This proves that 


lim ¢,1/4*= 1. 
n=00 


That this upper limit can not be greater than unity is a consequence of the 
fact that c), isthe real part of the general coefficient of (10), a series which 
clearly has unit radius of convergence: 


lim | — 4 ay, 27 | 1/An a 7 | Or, |1/An ones +. 
n=00 n=00 


By the Lemma the point = 1 is a singular point of (10). That is, the 
points 
t= e2tind, (p=1, 2, 3, °*-), 
are singular points of (8). Since this set of points is everywhere dense on 
the circle | x | 1, it follows that the series (8) admits this circle as a sin- 
gular curve. A similar proof applies if 
lim Ay,,//1/n = 1, 
n=00 
4, Applications. By use of the theorem of section 3 we are now able to 
prove the following result: * 


If {An} ts a sequence of positive integers such that the series 


oo 
> 1/An 
n=0 
converges, then the function defined by 
oo a 
(11) > 2, lim | a, | 14*=—1 
n=0 n=00 
has the circle |x| = 1 is a singular curve. 


We begin by choosing a subset {un} of the set {An} for which the unique 
limit (in contradistinction with the upper limit of the hypothesis), lim | a,,|1/#*, 
n=00 


is equal to unity, and for which all the a,, lie in a single quadrant. Let ¢ 
be any irrational number. The set of points e?* on the unit circle must 
contain an infinite number of distinct points, so that there is at least one limit 





* Compare Hadamard and Mandelbrojt, loc. cit., p. 71. 
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point e2™4¥, Consequently it is possible to find a subset {vn} of the set {p,} 


such that 
lim ¢27+¥.¢ — e2r iy, 
n=CoO 


(12) lim | dy, | 1/7 = 1. 
n=00 


Let the set {vn’} consist of those values of An not equal to vn. If the 
set {vn’} contains only a finite number of elements, the series 


00 
(13) > Aye" 
differs from (11) by the polynomial 

> 4,2". 
But (13) satisfies all the conditions of the theorem of section 3, and conse- 
quently admits the circle | «| —1 as a cut. And (13) must have the same 


singularities as (11), so that the theorem is proved. 
On the other hand, if the set {v,} contains an infinite number of elements, 


we set up the entire function 
oo 


(14) g(z) = IT (1—2/m’)?. 
The series 
> 1/rn’ 


n=0 
converges, so that the infinite product (14) also converges. Moreover, if « is 
an arbitrarily small positive constant, g(z) satisfies the inequality 

| 9(2) |< el 


for all | z| sufficiently large.* On this account we may apply a theorem of 





* This is a result of the general theory of entire functions. For this special case 
it may be proved in the following manner: There exists a positive number A such that 
| 1— w|<eAlu! for all complex numbers u. To every positive ¢ there corresponds an 
integer m such that 

© 
> 1y,' < &/4A. 
n=m 
Consequently, 
oo 
| Wm (1—2/»,’)*?| < eelel/2. 
n=m 


But for | 2| sufficiently large 
m-1 
| mW (1—2/v,’)? | < eelel/2. 


n=0 
since the modulus of (1—2/v,’)* increases less rapidly than e¢¢/4m as | 2| becomes 
infinite. The result is thus established. 
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G. Faber,* and be assured that the series 


(15) & g(n)o*— & g(a 


is an element of a function which has no singularities in the extended plane 
except the point += 1. 
But 


co co 
(16) S g(Aw)arne = B90) day 2 
n= n= 


and, since g(vn) is real and positive, the coefficients all lie in a single quad- 
rant. Moreover, it can be shown that the radius of convergence of (16) is 
unity. Indeed, 


lim g (vn) 1/"» = 1 
n=CoO 


since the radius of convergence of (15) is unity. By virtue of (12) we have 
Tim | ay,g(vn) |2/% — Tim |ay, |= 1. 
nial n=00 


Consequently, the theorem of section 3 is applicable to (16), and implies that 
the circle | z | = 1 is a cut for this series. 

Finally, by an application of Hadamard’s ¢ theorem on the multiplication 
of singularities we see that (11) has all the singularities of (16), and the 
theorem is completely established. 

As an immediate corollary to this theorem we prove the following result, 
mentioned in the introduction: 


If {An} ts a sequence of positive integers such that 
(Ans i An) |X’; 0 < o & 1 


is greater than some positive constant for all values of n, then the series (11) 
admits its circle of convergence as a cut. 


For, the inequality 
(Ans1 — An) /An? a M a 0 





*G. Faber,‘ ther die Fortsetzbarkeit gewisser Taylorscher .Reihen,” Mathematische 
Annalen, Vol. 57 (1903), p. 369. 

+ J. Hadamard, “Théoréme sur les séries entiéres,” Acta Mathematica, Vol. 22 
(1898), p. 55. 
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evidently implies the following inequalities: 


Aner > An + 07M, 

Anat > ME [n+ (w—1)0 p+ + 2°44], 
Ansa > (M/n*)[n + (m—1) +++ +241], 
Anes > Mn(n + 1) /2n1-¢, 


Consequently, we have 


oo 


Urn < (2/M) > 1/n~, 
0 =0 


n= n 


and we are in the situation imposed.by the hypotheses of the theorem of this 
section. 

In conclusion, we note that the set A» =! provides an example of a set 
of integers satisfying the conditions of the theorem of section 3. For, take 
¢=e. Then 

nie=I,+ Rr, 


Rn=1/(n +1) +1/(n+1)(m+4+2) +++ <2/(n+41), 
where J, is an integer. Hence 
e2tinie e2T ihn, 


lim ¢2t#nle oe 1, 
n=O 


THE RIcE INSTITUTE, 
June, 1927. 
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A Mathematical Theory of Depreciation and 
Replacement. 


By C. F. Roos.* 





1. Introduction. In a previous paper I have formulated a problem of 
depreciation in economics as a Lagrange problem in the calculus of variations 
and shown that the resulting problem is sufficiently general to include as 
special cases all of the existing depreciation theories, i. e. such theories as the 
straight line, the compound interest, the sinking fund, the unit cost plus and 
that of Hotelling.t 

Inasmuch as a machine is seldom used until its useful life has ended, 
a more important problem is that of determining the time at which a machine 
in operation should be replaced by another machine having a different oper- 
ating expense so that a maximum profit is obtained for some period of time 
extending from an initial time ¢, through a replacement time to some final 
time ¢, greater than ». When formulated as a problem in the calculus of 
variations this replacement problem is a type of Lagrange problem with vari- 
able end-points and discontinuous integrand.{ 

In this paper it is intended to formulate a replacement problem as a 
general problem in the calculus of variations and to solve in some detail a 
special example believed to be typical of an actual economic situation. In 
order to save space I will not attempt to give the whole economic setting of 
the problem since this can be obtained from other papers.§ 


2. The general problem. The value of a machine to its operator at a 
time ¢, is the sum of the anticipated rentals which it will yield from the time 





* National Research Fellow in Mathematics. 

t Roos, “ The Problem of Depreciation in the Calculus of Variations,” to be offered 
to the Bulletin of the American Mathematical Society. See, also, H. Hotelling, “A 
General Mathematical Theory of Depreciation,” Jowrnal of American Statistical Asso- 
ciation, Sept. 1925. 

+ Bliss, Lectures on the Calculus of Variations, University of Chicago, Summer 
1925, mimeographed by O. E. Brown, Northwestern University, Evanston, Ill. See, 
also, E. H. Clarke, On the Minimwm of the Sum of a Definite Integral and a Function 
of a Point, Doctoral Dissertation, University of Chicago. 

§ For a brief setting of the problem see footnote (+) above. For a more detailed 
economic account see Roos, “ A Dynamical Theory of Economics,” Journal of Political 
Economy, Vol. 35 (Oct. 1927). 
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t, to a time w at which it is to be salvaged each multiplied by a discount fac. 
tor to allow for interest plus the salvage value also discounted. If we let 
¥i(u, u’, p, p’, t) be the cost of operating a machine producing u(t) units of 
output per unit time which sell at a price p(t); D:(u, u’, p, p’, ty be the rate 
of depreciation in market value of the machine, and K, be the cost of the 
machine at ¢,, then, as I have shown,* the value V,(¢,) of this machine at 
t =, will be 


@ 
(1) Vili) = f, [pu—y(u, w’, p, p’, t)—D1(u, wv’, p, p’, t)] E(t, t)dt 
b + KE (th, w), 
Here and following H (a,b) stands for exp [— f 8(v)dv], where 8(v) is the 


rate of increase of an invested sum s divided by s. The value V2(t,) at the 
time ¢, of a machine which will replace this machine at the time w will be 


17) 
(2) V2(t1) sod , [pu — yo(u, wu’, Pp, 2’ t) — D,(u, u’, Pp, D's t) | E(t, t) dt 
; + K,E (ty, ty) 


where 2, D, and Kz are defined in a way analogous to y,, D, and K,, respect- 
ively. For convenience in notation let us write Qi =yi-+ Di, (t=1, 2). 

As a likely hypothesis we may suppose that the operator will endeavour 
to maximize the expression 


(3) [Vi + V2— KF (t1, 0) — KE (hy, te) ] 
= feu — QB (4, at + f° Tou —@.] B(t, tat 


which is the sum of the values V, and V, at ¢; minus the respective cost values 
discounted to take care of interest. In reality K, is the sum necessary to 
replace the first machine by an identical machine at the time , and hence 


(4) K,(w) = Ki (ts) F(a, te). 


The preceding hypothesis is, therefore, justified by the fact that if (4) holds, 
and, furthermore, if K,(t.)=K.(t.) and Q:(u, wu’, p, p’, t)=Q.2(u, wu’, p, p’, t), 
the expression (3) reduces to the corresponding expression for the case of a 
single machine. In fact, for this special case the replacement problem is 
actually the problem of depreciation. 

We may suppose the rate of production w(t) and the selling price, p(t), 
of the commodity produced to be related by a differential equation of demand,f 





* Roos, “ The Problem of Depreciation in the Calculus of Variations,” loc. cit. 
+ Roos, “Dynamical Economics,” Proceedings of the National Academy of Sciences, 
Vol. 13, No. 3, pp. 145-150 (March 1927.) 
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(5) o(u, u’, p, p’, t) =0, (t: StSt,), 
and to satisfy end conditions, 
(6) Ou (ts, u(t), P(t), te, u(te), p(te) ) ==(), (p=—1, ont. n= 6). 


We may then state the replacement problem as that of: Finding among 
the arcs u(t), p(t), satisfying an equation of demand (5) and end conditions 
(6), a set which maximizes an integral, J =I, + I2, where 


I= f [pu—Q,(u, wu’, p, p’, t)] E(t, t) dt 


7 ty 


and 
Ie—= f* [pu—Qz(u, w, pp’, #)] E(t, tha 


This problem differs from the depreciation problem in that the integrand 
of the integral to be maximized is discontinuous at some time » when the 
change in machines is to be made. 


8. Conditions for a solution. Let P; and P2 be the end points of the 
curve which maximizes J, and let P, be the corner point of this maximizing 
curve. Then it is evident that along the segment P,P, the Euler-Lagrange 
equations and other. conditions of the calculus of variations for the Lagrange 
problem with variable end-points must hold, for, otherwise, it would be pos- 
sible to introduce a variation of P,P, which would give a larger value of the 
integral J, taken along it and consequently, a larger value to J, thus contra- 
dicting the assumption that P,P. and P,P. together give J a maximum value. 
A similar argument holds for the are PyP>. 

In writing these conditions it will be convenient to introduce the nota- 
tions yi(t) = u(t), yo(t) = p(t) and 


Fo(41, Y's Yrs Yo’, t, ti, do) 


= [ysYe ia Qo(41, Yr’; Y25 Y2’; t)] E(t, t) + do(t) (41; Yr’; 29 Yo’, t) ; 


H (te) = (o—2)Fi(t:) + (o—1)F (te) + f ” [Pate + Fin ctor ye’ (te) dt 


+f" [Pots + Povactaryn’ (te) Jat; 
Hy,’ (te) = (0 — 2) Pay’ (ts) + (o —1) Pou’ (#2) 
a f “Payutesdt + f. ye ae 
(c= 1,2;i=1,2); 
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where .& is used as an umbral index with range 1, 2 and subscripts y;, yj’, 
(t= 1, 2), and te, (c —1, 2), denote differentiation. 
Then the maximizing arc must satisfy the following conditions: 


(a) the Euler-Lagrange equations 


t 
Py! = f Fydt-+Cu, (t<t<o), and 
ty 


t 
Poy’ — f Foy,dt a Cri; (w = t = te) > 
ta 


(b) the transversality conditions which require that every determinant of 
order n+ 1 of the matrix: 
A(t) — ye’ (thi) Ay’ (th) Hy’(t44) H(t2) — yn’ (te) Hy, ’(te) Hy’ (te) 


Out; uy, (t3) Outs Buy, (tg) 














vanish ; 


(c) certain second order conditions of the calculus of variations which 
we will not give here; 


(d) at the corner point P, the following corner conditions 
F,(1) — F2(2) — in’ (0) Fry,’ (1) + Gx’ () Fog,’ (2) 
a) ta 
4. f. Fywdt + Fi Fodt = 0, k umbral as before, 
ty o) 


@ ta 
Fyy,’(1) ae Fy,’ (2) +f Fyy5¢w) dt oe f Poggi) dt = 0, (o = 1, 2), 


where F',(1) means F,(y;, 91’, Y2, Yo’, t, t1, A1) with the arguments y, 1’, 
Y2) Yo’, Ai Teplaced by the extremal set 4, 1’, Y2, Yo’, Ar for the arc P;Py; 
F.,(2) means F2(y1, 1’, Yo) Yo’, t, t1, Az) with the arguments ¥;, 1’, Yo, Yo’, re 
replaced by the extremal set 91, 91’, Yo, Yo’, Az for the arc P.P2, and Fiy,’(1) 
etc. are defined in an analogous manner.* 

The corner conditions (d) are, of course, only first necessary conditions. 
The condition that the second variation at the corner point be not positive is a 
further necessary condition for a maximum, but we will not attempt to derive 
this second order condition. + 





* Roos, “ A General Problem of Minimizing an Integral with Discontinuous Inte- 
grand,” Transactions of the American Mathematical Society, not yet published. See, 
also, E. H. Clarke, On the Minimum of the Sum of a Definite Integral and a Function 
of a Point, loc. cit. 

¢ Dresden, Transactions of the American Matehmatical Society, Vol. IX, p. 472 
(1908), gives the second order corner conditions for the simplest problems of the cal- 
culus of variations. 
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The time tw at which the replacement should occur and the rate of 
production and price at that time can be determined from the three corner 
conditions (d). The end times ¢, and ¢, and the end values y,(t:), y2(t1), 
yi(t2) and y2(t2) can be determined from the n end conditions 0—0, 
(u=1,:°*, 36) and the 6—n transversality conditions (b). 


4, A replacement example. Although the theory of the Lagrange prob- 
lem in the calculus of variations is fairly well developed, there are known com- 
paratively few problems for which the. mathematical analysis is sufficiently 
simple to permit the actual determination of the maximizing or minimizing 
curves. For this reason it will be all the more interesting and instructive to 
consider a replacement example which seems to be sufficiently general to typify 
many economic situations and yet which is sufficiently simple to admit a ready 
solution. 

In order to obtain an expression for the operating expense of a machine 
or other property we may as well follow the example set by Walras and define 
certain quantities called coefficients of production.* These quantities are 
defined as the quantities of the services of the factors of production, i. e. 
services of land, services of persons and services of capital that enter into the 
manufacture of a unit of a given commodity. As I have already pointed out, 
there seems to be justification for writing the coefficients of production for a 
commodity C as functions of the rate of production of C, the selling price of 
C and the first derivatives of these quantities. 

If there is one producer manufacturing an amount u(t) of C in unit 
time and if, furthermore, the selling price of one unit of C is p(t), the coeffi- 
cients of production are functions, f,(u, u’, p, p’, t), («= 1,- + *, m), where 
m is the number of services required to manufacture one unit of C and primes 
denote derivatives with respect to time. If we denote the prices of the m 
services required to produce one unit of C by pa(t), then by the definition of 
the coefficients of production the cost of producing u(t) units of C for the 
first or operating machine is 


Y(t, w, ps p’, t) = 2 u(t)far(u, w’, p, p’, t)pa(t). 


We may suppose the prices of the services p(t) to be known functions of the 
time. 

As an approximation we may assume that the depreciation A, of the 
operating machine can be represented by A; = £:1:u(t) + &12 + &su’(t)u’(t) 





*V. Pareto, Manuel d’Economie Politique, pp. 607. 
ft Roos, “ A Dynamical Theory of Economics,” loc. cit. 
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+ Esap’(t) p’(t) + érsu’(t) + érep’(t), where &1,° °°, é¢ are known fune- 
tions of the time or constants. We may further suppose that the coefficients 
of production f4, depend only upon the rate of production, but, since there is 
an overhead expense when no units are produced, we would not be justified in 
assuming the fa: to be linear functions of the rate of production. We may, 
however, suppose them to have the form fa; =da:u(t) + ba: + Ca:/u(t), 
where dg1, 0a; and cg; are known functions of the time or constants. 

We may, therefore, write the function Q., which is the cost of production 
including depreciation in market value of the machine, as 


(7) Q: = farpar(t) + A, = Ayu? + Byu + OC, + Dyu’w’ 
+ Eip’p’ + Fiu’ + Gip’, 


where 


A,= AaiPa;, By = &2+ Dai Pa; Ci = be + CaiPa; D, = &, 
E, = Esa, Hi, — E15, G; a £16 


and @ is an umbral index with range 1, - - -, m according to the convention 
that whenever a literal suffix appears twice in a term that term is to be summed 
for all values of the suffix.* The quantities A,,- - -, G, are, therefore, known 
functions of the time or constants. 

By a similar argument we may write for the replacement machine 


(8) Qo = fa2Pa2(t) + A, = Anu? + Bou + C2 + Dou’u’ 
+ E.p’p’ + Fu’ + Gop’, 


where Az,‘ --, G, are known functions of the time, analogous, respectively, 
to A,,: ++, G, defining Q. 

If we suppose the rate of demand to be a linear function of the price and 
the rate of change of price, and, furthermore, that as many units are sold as 
are produced, the demand equation of (5) becomes 


(9) u—a(t)p(t) —h(t)p’(t) —b(t) = 0, 


where a, b and h are known functions of the time or constants. 
When the price p and the rate of production wu are known at t,— 7, the 
equations 0, = 0, » = 1, 2, 3, of (6) become 


> t,— 71 = 0 
(10) 6, eed u(r) —Wy = 0 
6, = p(t1) — pi = 0. 





* A, §. Eddington, “ The Mathematical Theory of Relativity,” p. 50, 22.1. 
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The operator of the machine will desire to choose the rate of production 
u(t) and the price p(t), satisfying a differential equation of demand (9) 
and having end values satisfying the end conditions (10), so that they maxim- 
ize the integral 


7) 
(11) J= f [pu—A,u?>—B,u—C,—D,w’w’— Ep’ p’ —Hw’—Gyp’ | E(t, t) dt 


ta 
+ f [pu—A.u®—B,u—C,—D yu’! —E pp’ —H su’ —Gop’ | E (ty, t) dt. 
a ’ 


We first consider the part of the are which lies between ¢ = 7, and t =a, 
j. e. what would correspond to PiP,., of section (3). Since the function F, 
of section (3) is Fy = [pu—A,u?—B,u—C,—Dw'w’—E,, pp’ — Hw’ —G,p’ 
+- di (t) (u—ap—hp’—b) ] E(t, t), we have * 
OF ,/dp = [u—ar,] E(t, t) ; OF ,/0p’ = [2E,p’—G.—hrA,] E(t, t) ; 
aF,/ou—= [p—2Ayw—B, +a] E(t, t); OF ,/du’ = [2Dw’—H,] E(ts, t). 
The Euler-Lagrange equations (a) in the form 0F,/0p = (d/dzx)0dF,/dp’, etc., 


obtained by differentiating (a) with respect to ¢, become on cancelling the 
factor E(t, t) 


u—an, = [2E,p’—G,—hA,]8+-2E yp’ + 2Eip”—G,/—h’r—haAy’ 
p—2A,u—B, +A; = [2D,/u’—H,]8+-2D,'u'+2D,u"—Hy’. 
It is possible to carry the problem through as it is, but since we do not 


want to lose the reader in a mass of detail, we will assume A;,°- +, Gi, a,b,h 
and § to be constant. We may then write the last equations as 


(11A) ¢— aA — (22 ip’ — Gi — hr1)8 + 2E,p” —= haz’ 
(11B) p—2A,u—B, +d, = (2D,u’ — Hy)8 + 2D,u”. 


If we solve the second of these equations for \, and substitute the result- 
ing value of A, and A,’ = dd,/dt in the first, we obtain on collecting terms 


(12) (a—hd) (B:—H,8) +G,8+ [1—(a—hd) 24, Ju 
+ [2A,h—(a—hS) 2D,8]u’+ [2D,h8—(a—h8) D, | u’’ 
+ D,hu’”’+ (a—h8) p—(28E:—h) p’—2 Ep” = 0. 


, 


The demand equation, u = ap + b + hp’, gives us by differentiation u’ = ap 
+ hp”, uw’ =ap’ +hp’” and u’” =ap’”’ + hd‘p/dt*. When we substitute 
these values of u,- + -, u’” in (12), we obtain 





* We have chosen \, as A, H(t,, t). Since ¢, is fixed this choice does not introduce 
any new complications and allows us to cancel the factor H(t,,t). 
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(13) Lysd*p/dt* + Li3d*p/dt® + L2d*p/dt? + Lyidp/dt — Lop + Pio = 0, 


where 





pee 
Ls 8D,k8 — aD, + bD,, 

Lig = 2A,h? — 2ahD, + 2D,h28? + 3ah8D, — a2D, — 28, 
Li, = (24,h? — 2a2D, + 2ah8D, — 2E,)8, 

Ing == 26(1 — Aya) —h3(1 — 20A,), 

Prom. [1 — (a—h8)24,]b + (a—h8) (B, — H,8) + G8. 


Since (13) is a fourth order differential equation with constant coeffi- 
cients, its general solution is 


(14) Pr —— Pro - KE. emut + Ks emiat — Kis emist — Ky emut, 


where m1, ° * *, M4 are the four roots of the quartic L,,m* + L,,m’ + L,2m? 
+ Lym + Lip = 0 and Ky,° + +, Kis are arbitrary constants. 


Similarly, if we assume that A,,---, G,. and 4, for the replacement 
machine, are constant for the period ow = ¢ = ?¢,, we can obtain 


(15) P2 = Peo + Ko; e™m* + Ko. ema’ + Ko, ems! + Ko, emat, 


with poo, * * *, M24 defined by replacing the set Ai,--:, G: in Pioy* * *, Mu 
for the operating machine by the corresponding set A2,* ~° -, Gz for the re- 
placement machine. 

If we substitute the value of p, given by (14) in the equation of demand 
(9), we obtain on collecting terms 


(16) U1 = apio + b a Ki(a t. hm) emt oe lea ++ Kis(a a hmy,)e™#, 
By a similar procedure with p, we obtain 
(17) U2 = Apoo + 6 + Kei(a + hme) emt -L ree a + Kos(a+ hime,)e™*, 


In order to complete the solution of the problem we must determine the 
constants Ki,,° °°, Kis, Koi,* °°, Kos, the time ¢,, the time w at which the 
replacement should occur and the time ¢, at which the replacement machine 
should be scrapped. To determine these eleven quantities we must make use 
of the end conditions (10), the transversality conditions (b) and the corner 
conditions (d). We proceed to set up the matrix (b) for the three end con- 
ditions (10) and the function F defined as F = F, on t;, [to and F=F, 
onwStSt,. We easily obtain the rectangular matrix with four rows and 
six columns 
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8S,  OFi(t:)/0p’ OF (1) /Ou’ S82 OF 2(te) /Ope’ = OF’ 2 (tz) /Oue! 


1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
where 
So = (—1)°[F (ts) — po’ (tc) OF o(te) /Ope’ — uo’ (te) OF o (to) /OUs’| + 08 
(o = 1,2) 


and OF o(ts)/0pe’ means OF ,/dp’ with po, po’, Uc, Us’ at te substituted for p, p’, 
u, u’. The value of A, to be used in 0Fc/dpe’ is the value of A, given by 
(11B) and an analogous equation for A2. In (11B) p, u, wv’, w” must be 
replaced by pi, U1, Ui’, Ur”, and similarly for A>. 

In order that every determinant of order four of this matrix vanish, it is 
necessary and sufficient that 


(18) S,= 0, OF 2(t2) /dp2’ = 0, OF 2(t2) /Ou2’ = 0. 


We have thus three transversality conditions. 
From the corner conditions (d) we obtain the three additional conditions 


F, (w)— F.(0)— pr’ (w) OF; (w) /dpi’— U,’ (wo) dF; (w) /Ou,’ 
+ po’ (w) OF 2() /dp2’ + Us’ (w) OF 2(w) /Otu2’ = 0, 
(18) OF, (w) /du,’ a Of.(w) /Ou2’ ——) 2D,u,’ () = 2D2Ut2’ (w) —_ 0, 
OF, (w) /dp,’ =a OF (w) /dp.’ => 2p,’ (w) ——- 2E 2p.’ (w) 
—a [Ai () i=. A2(o) ] = 0, 
where 0F,(w)/0p,’ is defined as 0F,(t,)/0p,’ with t, replaced by o. 
Since we have required our maximizing arc to be continuous at t=, 
the following equations must be satisfied 








(19) pi(w) — p(w) =0, ti(w) —u2(w) =0. 
For the determination of the eleven quantities t,, w, t2, Kir, °°, Kis 
Kx, + +, Ko, we have, therefore, eleven equations consisting of the three end 


conditions (10), the three transversality conditions (17), the three corner 
conditions (18) and the two continuity conditions (19). As one may readily 
verify, the equations of the highest degree in #,, w, te, Ki, * * *, Kos will be 
the transversality equation S,—0, and the first corner condition of (18). 


These equations will be quadratics in K,:,°-*, Kz, and will contain ¢;, 
and ¢, as exponents of e. There will in general, therefore, be more than one 
solution for the eleven quantities ¢,,- --, K2s. To determine which solution 


maximizes J we need sufficiency conditions for this problem. In an actual 
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case we would probably be able to fix ¢, and ¢2, and this would simplify mat- 
ters considerably. The condition 8,0 would then drop out, and the only 
quadratic would be the first corner condition. We could then discard all 
values of w which did not lie between ¢, and ¢.. The discussion of this phase 
of the problem is, however, beyond the purpose of this paper. 

Let us observe that if we fix all end values and take S5=D,=-::- 



































=¢,=D,=:::=G.=0 and A, =A2, B,=B, and C,; = (0:2, our trans- 


versality and corner conditions vanish identically and the differential equa- 
tion (13) reduces to the differential equation obtained by G. C. Evans in a 
paper which introduced the new dynamical theory of economics.* 


5. Some further generalizations. The analogue of the Hotelling hypo- 
thesis, that the operator of a machine will do everything in his power to 
maximize the present value V,(¢,) of his machine, would require for the 
replacement problem that the operator endeavor to maximize the sum, 
Vi(t:) + V2(t.) of section 2. This replacement problem does not seem to be 
a special case of a very general Mayer problem discussed by Bliss, because of 
the way in which the corner value » appears.t It is, however, a special case 
of the general problem to which the conditions (a), (b), (c) and (d) of 
section 3 belong, for, we can obtain the Euler-Lagrange, transversality and 
corner conditions by replacing F’, and F, in (a), (b) and (d) of section 3 by 


G; =F, + (K, o K.) E(t, t)/o — t, and G. = F,, respectively. 


I have already discussed a related depreciation problem for the case of 
several competing machines all of which continue in operation for the period 
t, StSzt,, and I do not believe that the introduction of the interest factor 
would unduly complicate matters.{ The replacement problem for several 
competing machines is, however, much more difficult because of the fact that 
all replacements need not occur at the same time o, i. e. one machine may be 
replaced at a time w;, another at a time w2, and so on. 

The replacement problem for the case of n cooperating machines, which 
we may suppose to be replaced at the n time a1, w2,° * *, wn, ought not, how- 
ever, to impose any serious mathematical complications. For example, if all 





*G. C. Evans, “The Dynamics of Monopoly,” American Mathematical Monthly, 
Vol. 31, No. 2 (1924). 

¢ Bliss, “The Problem of Mayer with Variable End-points,” Transactions of the 
American Mathematical Society, Vol. 19 (1918). 

t Roos, “A Mathematical Theory of Competition,” American Journal of Mathe- 
matics, Vol. 47, No. 3 (July 1925). 








. 


1 





Roos: A Mathematical Theory of Depreciation and Replacement. 15% 


of the n cooperating machines produced a like commodity, we would need to 
maximize an expression of the form 


J= f % fudt + f. fidt + f. : fndt + | ge ees 


f, “fad! 4 Si fot 


where the fig (t= 1,--°-, m; o=1, 2), are functions of the rates of pro- 
duction w,(t:),° °°, Un(t) of the n cooperating machines and of the price 
p(t), satisfying a single equation of demand $(t1, U1’, Ue, Us’, * * +, Un; Un’, 


p, p’,t) =0. The problem is, however, too important to be disposed of in this 
cursory manner. 

It is possible that this cooperation problem might yield the key by which 
it would be possible to consider a competition problem for a variable number 
of competitors. Certainly, the cooperation problem for a variable number of 
competitors can be set up by the methods of the preceding paragraph, for, it 
is the special case of the general cooperation problem of the preceding para- 
graph when f;;= 0. 

There is another important possible direction of extension of this paper. 
As I have already pointed out in another paper, there are instances when a 
more general equation of demand 

$(u, Ww, pw. t)— fu. w, ppt 8)ds 


should replace the differential equation (5) of demand.* This leads to a 
problem somewhat similar to the problem of maximizing a functional proposed 
by Hahn.t 





* Roos, “A Dynamical Theory of Economic Equilibrium,” Proceedings of the Na- 


tional Academy of Sciences, Vol. 13 (1927), pp. 280-285. 
+H. Hahn, “Ueber die Lagrange’sche Multiplicatorenmethode,” Sitzwngsberichte 


der Akademie Wien, Vol. 131 (1922), pp. 531-550. See, also, citation (*) above. 





